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Abstract
We derive the asymptotic distribution of a new backfitting procedure for
estimating the closest additive approximation to a nonparametric regression
function. The procedure employs a recent projection interpretation of popular
kernel estimators provided by Mammen, Marron, Turlach and Wand (1997),
and the asymptotic theory of our estimators is derived using the theory of
additive projections reviewed in Bickel, Klaassen, Ritov, and Wellner (1993).
Our procedure achieves the same bias and variance as the oracle estimator
based on knowing the other components, and in this sense improves on the
method analysed in Opsomer and Ruppert (1997). We provide ‘high level’
conditions independent of the sampling scheme. We then verify that these
conditions are satisfied in a regression and a time series autoregression
under weak conditions.
Keywords: Additive models; alternating projections; backfitting; kernel
smoothing; local polynomials; nonparametric regression.
JEL No.: C14
© by the authors. All rights reserved. Short sections of text, not to exceed two
paragraphs, may be quoted without explicit permission provided that full
credit, including © notice, is given to the source.
4 Lqwurgxfwlrq
Vhsdudeoh prghov duh lpsruwdqw lq h{sorudwru| dqdo|vhv ri qrqsdudphwulf uhjuhvvlrq1 Wkh edfn?wwlqj
whfkqltxh kdv orqj ehhq wkh vwdwh ri wkh duw phwkrg iru hvwlpdwlqj wkhvh prghov/ vhh Kdvwlh dqg
Wlevkludql +4<<4,1 Zkloh edfn?wwlqj kdv suryhq yhu| xvhixo lq dssolfdwlrq dqg vlpxodwlrq vwxglhv/ lw
kdv ehhq vrphzkdw gl!fxow wr dqdo|}h wkhruhwlfdoo|/ zklfk kdv orqj ehhq d gudzedfn wr lwv xqlyhuvdo
dffhswdqfh1 Uhfhqwo|/ d qhz phwkrg/ fdoohg pdujlqdo lqwhjudwlrq/ kdv ehhq sursrvhg/ vhh Olqwrq dqg
Qlhovhq +4<<8,/ Wmûvwkhlp dqg Dxhvwdg +4<<7, dqg Qhzh| +4<<7, ^vhh dovr hduolhu zrun e| Dxhvwdg
dqg Wmûvwkhlp +4<<4,`1 Wklv phwkrg lv shukdsv hdvlhu wr xqghuvwdqg iru qrq0vwdwlvwlfldqv vlqfh lw
lqyroyhv dyhudjlqj udwkhu wkdq lwhudwlyh vroxwlrq ri qrqolqhdu htxdwlrqv1 Lwv vwdwlvwlfdo surshuwlhv
duh wulyldo wr rewdlq/ dqg kdyh ehhq hvwdeolvkhg lq wkh diruhphqwlrqhg sdshuv1 Dowkrxjk wudfwdeoh/
pdujlqdo lqwhjudwlrq lv qrw jhqhudoo| h!flhqw1 Olqwrq +4<<:, dqg Idq/ Kçugoh/ dqg Pdpphq +4<<;,
vkrzhg krz wr lpsuryh rq wkh h!flhqf| ri wkh pdujlqdo lqwhjudwlrq hvwlpdwru lq uhjuhvvlrq9 lq wkh
iruphu sdshu/ wklv zdv dfklhyhg e| fduu|lqj rxw rqh edfn?wwlqj lwhudwlrq iurp wklv lqlwldo frqvlvwhqw
vwduwlqj srlqw1 Wklv prgl?fdwlrq dfwxdoo| dfklhyhv ixoo rudfoh h!flhqf|/ l1h1/ rqh dfklhyhv wkh vdph
uhvxow dv li rqh nqhz wkh rwkhu frpsrqhqwv1 Wklv vxjjhvwv wkdw edfn?wwlqj lwvhoi lv dovr h!flhqw lq
wkh vdph vhqvh1 Pruhryhu/ edfn?wwlqj/ vlqfh lw uholhv rqo| rq rqh0glphqvlrqdo vprrwkv lv iuhh iurp
wkh fxuvh ri glphqvlrqdolw|1
Uhfhqw zrun e| Rsvrphu dqg Uxsshuw +4<<:, dqg Rsvrphu +4<<;, kdv dgguhvvhg wkh dojrulwkplf
dqg vwdwlvwlfdo surshuwlhv ri edfn?wwlqj1 Vshfl?fdoo|/ wkh| jdyh vx!flhqw frqglwlrqv iru wkh h{lvwhqfh
dqg xqltxhqhvv ri d yhuvlrq ri edfn?wwlqj/ ru udwkhu dq h{dfw vroxwlrq wr wkh hpslulfdo surmhfwlrq
htxdwlrqv/ vxlwdeoh iru dq| +uhfhqwuhg, vprrwkhu pdwul{1 Wkh| dovr ghulyhg dq h{sdqvlrq iru wkh
frqglwlrqdo phdq vtxduhg huuru ri wkhlu yhuvlrq ri edfn?wwlqj= wkh dv|pswrwlf yduldqfh lv htxdo wr
wkh rudfoh erxqg/ zkloh wkh suhflvh irup ri wkh eldv/ dv iru wkh lqwhjudwlrq phwkrg/ ghshqgv rq wkh
zd| uhfhqwhulqj lv fduulhg rxw/ exw lq dq| fdvh wkh eldv lv qrw rudfoh/ h{fhsw zkhq wkh fryduldwhv
duh pxwxdoo| lqghshqghqw1 Wklv lpsruwdqw zrun frq?upv wkh h!flhqf|/ dw ohdvw zlwk uhvshfw wr
yduldqfh/ ri ^wkhlu yhuvlrq ri` edfn?wwlqj1 Xqiruwxqdwho|/ wkhlu yhuvlrq ri edfn?wwlqj lv qrw ghvljq
4
dgdswlyh/ zklfk lv vrphzkdw vxusulvlqj jlyhq wkdw wkh| xvh orfdo sro|qrpldo vprrwkhuv wkurxjkrxw1
Ixuwkhupruh/ wkhlu surri whfkqltxh uhtxluhg rqh udwkhu vwurqj frqglwlrq= vshfl?fdoo|/ wkh dprxqw ri
ghshqghqfh lq wkh fryduldwhv zdv vwulfwo| olplwhg1
Lq wklv sdshu/ zh gh?qh d qhz edfn?wwlqj0w|sh hvwlpdwru iru dgglwlyh qrqsdudphwulf uhjuhvvlrq1
Zh pdnh xvh ri dq lqwhusuhwdwlrq ri wkh Qdgdud|d0Zdwvrq hvwlpdwru dqg wkh orfdo olqhdu hvwlpdwru dv
surmhfwlrqv lq dq dssursuldwh Kloehuw vsdfh/ zklfk zdv ?uvw surylghg e| Pdpphq/ Pduurq/ Wxuodfk
dqg Zdqg +4<<:,1 Rxu dgglwlyh hvwlpdwru lv gh?qhg dv wkh ixuwkhu surmhfwlrq ri wkhvh pxowlyduldwh
hvwlpdwruv grzq rq wkh vsdfh ri dgglwlyh ixqfwlrqv1 Zh h{dplqh wklv hvwlpdwru dqg vkrz krz 9 lq
erwk wkh Qdgdud|d0Zdwvrq fdvh dqg lq wkh orfdo olqhdu fdvh 9 wkh hvwlpdwru fdq eh lqwhusuhwhg dv
d edfn?wwlqj hvwlpdwru gh?qhg wkurxjk lwhudwlyh vroxwlrq ri wkh hpslulfdo htxdwlrqv1 Zh hvwdeolvk
wkh jhrphwulf frqyhujhqfh ri wkh edfn?wwlqj htxdwlrqv wr wkh xqltxh vroxwlrq xvlqj wkh wkhru| ri
dgglwlyh surmhfwlrqv/ vhh Elfnho/ Noddvvhq/ Ulwry/ dqg Zhooqhu +4<<6,1 Zh xvh wklv uhvxow wr hvwdeolvk
wkh olplwlqj ehkdylrxu ri wkh hvwlpdwhv= zh jlyh erwk wkh dv|pswrwlf glvwulexwlrq dqg d xqlirup
frqyhujhqfh uhvxow1 Rxu surfhgxuh dfklhyhv wkh vdph eldv dqg yduldqfh dv wkh rudfoh hvwlpdwru edvhg
rq nqrzlqj wkh rwkhu frpsrqhqwv/ dqg lq wklv vhqvh lpsuryhv rq wkh phwkrg dqdo|}hg lq Rsvrphu
dqg Uxsshuw +4<<:,1 Dowkrxjk wkh fulwhulrq ixqfwlrq lv gh?qhg lq whupv ri wkh kljk0glphqvlrqdo
hvwlpdwhv/ zh vkrz wkdw wkh hvwlpdwru lv dovr fkdudfwhul}hg e| htxdwlrqv wkdw rqo| ghshqg rq rqh0
dqg wzr0glphqvlrqdo pdujlqdov/ vr wkdw wkh fxuvh ri glphqvlrqdolw| wuxo| grhv qrw rshudwh khuh1 Rxu
?uvw uhvxowv duh hvwdeolvkhg xvlqj lghdv iurp Kloehuw vsdfh pdwkhpdwlfv dqg krog xqghu ckljk ohyho*
frqglwlrqv/ zklfk duh irupxodwhg lqghshqghqwo| ri vshfl?f vdpsolqj dvvxpswlrqv1 Zh wkhq yhuli|
wkhvh frqglwlrqv lq dq l1l1g1 uhjuhvvlrq prgho dqg lq d wlph vhulhv dxwruhjuhvvlrq zlwk vwurqj pl{lqj
gdwd1 Rxu frqglwlrqv duh zhdnhu wkdq wkrvh ri Rsvrphu dqg Uxsshuw +4<<:,/ dqg gr qrw uhvwulfw wkh
ghshqghqfh ehwzhhq wkh fryduldwhv lq dq| zd|1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 zh vkrz krz orfdo sro|qrpldo hvwlpdwruv fdq
eh lqwhusuhwhg dv surmhfwlrqv1 Lq vhfwlrq 6 zh lqwurgxfh rxu dgglwlyh hvwlpdwruv lq wkh vlpsohvw
vlwxdwlrq/ l1h1/ iru wkh Qdgdud|d0Zdwvrq0olnh slorw hvwlpdwru/ hvwdeolvklqj wkh frqyhujhqfh ri wkh
edfn?wwlqj dojrulwkp dqg wkh dv|pswrwlf glvwulexwlrq ri wkh hvwlpdwru xqghu kljk ohyho frqglwlrqv
wkdw duh vxlwdeoh iru d udqjh ri vdpsolqj vfkhphv1 Lq vhfwlrq 7 zh h{whqg wkh dqdo|vlv wr orfdo
sro|qrpldov1 Lq vhfwlrq 8 zh jlyh sulplwlyh frqglwlrqv lq d wlph vhulhv dxwruhjuhvvlrq wkdw lpso| wkh
5
kljk ohyho frqglwlrqv1 Doo surriv duh frqwdlqhg lq wkh dsshqgl{1
5 D surmhfwlrq lqwhusuhwdwlrq ri wkh orfdo sro|qrpldov
Ohw tcf eh udqgrp yduldeohv ri glphqvlrqv  dqg _ uhvshfwlyho| dqg ohw Et cfäc é é é c Et ?c f?ä
eh d udqgrp vdpsoh gudzq iurp Etcfäé Zh ?uvw surylgh d qhz lqwhusuhwdwlrq ri orfdo sro|qrpldo
hvwlpdwruv ri wkh uhjuhvvlrq ixqfwlrq 6E%c é é é c %_ä ' .Et mf ' %ä hydoxdwhg dw wkh yhfwru % '
E%c é é é c %_äc edvhg rq Pdpphq/ Pduurq/ Wxuodfk dqg Zdqg +4<<:,1 Wklv qhz srlqw ri ylhz zloo eh
xvhixo iru lqwhusuhwlqj rxu hvwlpdwruv ri wkh uhvwulfwhg dgglwlyh ixqfwlrq 6E%ä ' 6fn6E%än ü ü ün
6_E%_ä1
Wkh ixoo glphqvlrqdo ^|û rughu orfdo sro|qrpldo uhjuhvvlrq vprrwkhu zklfk zh ghqrwh e| e4E%ä '
Ee6fE%äc é é é c e6r3E%ääA vdwlv?hv
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zkhuh gûEüä ' gEü*ûä*û zlwk gEüä d xqlyduldwh nhuqho dqg û ' ûE?ä d srvlwlyh edqgzlgwk vhtxhqfh/







lv wkh wrwdo qxpehu ri
glvwlqfw sduwldo ghulydwlyhv xs wr dqg lqfoxglqj wkh ^|û rughué Lq idfw/ iru vlpsolflw| ri qrwdwlrq zh
zloo frqfhqwudwh rq wkh orfdo olqhdu fdvh frqvlghuhg lq Uxsshuw dqg Zdqg +4<<7, iru zklfk ^ '  dqg
r ' _ n  ý wkh Qdgdud|d0Zdwvrq fdvh/ iru zklfk ^ ' f dqg r ' c lv hyhq vlpsohu/ vhh ehorz1 Iru
vlpsolflw| ri qrwdwlrq/ zh xvh surgxfw nhuqhov wkdw kdyh wkh vdph nhuqho dqg wkh vdph edqgzlgwk lq
hdfk frpsrqhqw1 Rxu uhvxowv fdq eh hdvlo| h{whqghg wr wkh fdvh ri gl>huhqw nhuqhov dqg edqgzlgwkv1
Iru wkh qhz lqwhusuhwdwlrq ri orfdo olqhdu hvwlpdwruv zh vkdoo wklqn ri wkh gdwd v ' Et c é é é c t ?äA
dv dq hohphqw ri wkh vsdfh ri wxsohv ri ?E_n ä ixqfwlrqv
I ' õEs ðcæ G ð ' c é é é c ?( æ ' fc é é é c _ä G Khuh/ s ðcæ duh ixqfwlrqv iurpU_ wr Uô é
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Frqvlghu qrz wkh iroorzlqj vxevsdfhv ri I =
Isü,, ' is 5 I G s ðcæ grhv qrw ghshqg rq ð iru æ ' fc é é é c _j
I@__ ' is 5 Isü,, G s ðcfE%ä ' }E%ä n é é én }_E%_ä iru vrph ixqfwlrqv }æ G U :ý$ U dæ ' c é é é c _o
dqg s ðcæE%ä ' }æE%æä iru vrph ixqfwlrqv }æ G U :ý$ U iru æ ' c é é é c _éjé
Wkh hvwlpdwh e4E%ä gh?qhv dq hohphqw ri Isü,, e| sxwwlqj s ðcæE%ä ' e6æE%äc æ ' fc c é é é c _1 Lw lv hdv|
wr vhh wkdw e4 lv wkh ruwkrjrqdo surmhfwlrq/ zlwk uhvshfw wr n nW/ ri v rqwr Isü,,é Ehorz zh lqwurgxfh
rxu yhuvlrq h4 ri wkh edfn?wwlqj hvwlpdwru dv wkh ruwkrjrqdo surmhfwlrq ri e4 rqwr I@__ ^zlwk uhvshfw
wr n nW`1 Iru dq xqghuvwdqglqj ri h4 lw zloo eh hvvhqwldo wkdw lw lv wkh ruwkrjrqdo surmhfwlrq ri v
rqwr I@__1 Iru wkh gh?qlwlrq ri vxfk qrupv dqg olqhdu vsdfhv iru kljkhu rughu orfdo sro|qrpldov dqg
iru rwkhu vprrwkhuv zh uhihu wr Pdpphq/ Pduurq/ Wxuodfk dqg Zdqg +4<<:,1 Hdfk orfdo sro|qrpldo
hvwlpdwru fruuhvsrqgv wr d vshfl?f fkrlfh ri lqqhu surgxfw lq d Kloehuw vsdfh/ dqg wkh gh?qlwlrq ri
wkh fruuhvsrqglqj dgglwlyh hvwlpdwruv lv wkhq wkh surmhfwlrq ixuwkhu grzq rq I@__é Lq sduwlfxodu/ iru
wkh orfdo frqvwdqw hvwlpdwru +Qdgdud|d Zdwvrq0olnh vprrwkhuv, rqh fkrrvhv=
I ' õEs ð G ð ' c é é é c ?ä G Khuh/ s ð duh ixqfwlrqv iurpU_ wr Uô
Isü,, '
õ
s 5 I G s ð grhv qrw ghshqg rq ðô
I@__ '
õ
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zkhuh eRE%ä ' ?3S?ð'iT_æ'gûEfðæ ý %æäj lv wkh nhuqho ghqvlw| hvwlpdwh ri wkh ghvljq ghqvlw|1 Lq
sduwlfxodu/ lq wklv fdvh h4 lv wkh surmhfwlrq ri wkh ixoo glphqvlrqdo Qdgdud|d0Zdwvrq hvwlpdwh rqwr
wkh vxevsdfh ri dgglwlyh ixqfwlrqv zlwk uhvshfw wr wkh qrup ri wkh vsdfh O2EeRä1 Zh jlyh d voljkwo|
gl>huhqw prwlydwlrq iru wkh surmhfwlrq hvwlpdwh h4 lq wkh qh{w vhfwlrq/ vhh +:,1 Wkhuh zh zloo glvfxvv
wkh fdvh ri orfdo frqvwdqw vprrwklqj lq ghwdlo1
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6 Hvwlpdwlrq zlwk Qdgdud|d Zdwvrq0Olnh vprrwkhuv
Lq wklv vhfwlrq zh zloo glvfxvv krz rxu surmhfwlrq lghd fdq eh dssolhg wr gh?qh Qdgdud|dZdwvrq edfn0
?wwlqj vprrwkhuv1 Wkh ?uvw vxevhfwlrq zloo jlyh ghwdlov derxw wkh lpsohphqwdwlrq iru wkh Qdgdud|d
Zdwvrq vprrwkhu1 Lq wkh vhfrqg vxevhfwlrq zh zloo glvfxvv dv|pswrwlf surshuwlhv ri rxu edfn?wwlqj
hvwlpdwhv1 Wklv zloo eh grqh iru d pruh jhqhudo vhw xs wkdq Qdgdud|d Zdwvrq vprrwklqj1 Zh zloo
vkrz wkdw wkh edfn?wwlqj dojrulwkp frqyhujhv qxphulfdoo| dqg zh zloo jlyh vlpsoh h{sdqvlrqv iru
wkh vwrfkdvwlf dqg ghwhuplqlvwlf sduw ri wkh edfn?wwlqj hvwlpdwh1 Wkh frqglwlrqv xqghu zklfk wkhvh
h{sdqvlrqv krog zloo eh yhul?hg lq Vhfwlrq 8 iru Qdgdud|d Zdwvrq vprrwkhuv lq erwk dq l1l1g1 dqg
dq dxwruhjuhvvlrq vhwwlqj1 Wkh h{sdqvlrqv zloo lpso| wkdw wkh dv|pswrwlf yduldqfh ri rxu hvwlpdwh
grhv qrw ghshqg rq wkh qxpehu ri dgglwlyh frpsrqhqwv +dqg wkdw lq sduwlfxodu/ wkh| frlqflgh zlwk
wkh fdvh ri rqo| rqh frpsrqhqw,1 Ixuwkhupruh/ wkh dv|pswrwlf eldv lv jlyhq e| d vlpsoh jhrphwulf
rshudwlrq1 Lw lv wkh surmhfwlrq ri wkh xvxdo dv|pswrwlf eldv h{sdqvlrq ri d ixoo glphqvlrqdo hvwlpdwh
rqwr wkh vsdfh ri dgglwlyh ixqfwlrqv1
614 D edfn?wwlqj Qdgdud|d0Zdwvrq hvwlpdwru
Lq wklv vxevhfwlrq zh zloo prwlydwh rxu edfn?wwlqj hvwlpdwh iru Qdgdud|d0Zdwvrq uhjuhvvlrq vprrwkhuv
zlwk surgxfw nhuqhov





Wkh vshfl?f fkrlfh ri +6, lv qrw vr lpsruwdqw1 Rqh fdq vkrz wkdw wkh glvfxvvlrq ri wklv vxevhfwlrq
fdq eh h{whqghg wr vprrwkhuv wkdw kdyh wkh udwlr irup
e6E%ä ' eoE%äeRE%ä c +7,
zkhuh eRE%ä lv dq hvwlpdwru ri RE%äc wkh pdujlqdo ghqvlw| ri fc zklfk ghshqgv rqo| rq [ ? '
ifc é é é cf?j é Wkh dvvxpswlrq wkdw wkh slorw hvwlpdwh e6 h{lvwv ^l1h1/ lv hyhu|zkhuh dqg dozd|v
?qlwh xqlirupo| lq ? zlwk suredelolw| whqglqj wr rqh` zloo eh gursshg lq rxu dv|pswrwlf dqdo|vlv lq
wkh qh{w vhfwlrq/ zklfk zloo doorz xv wr lqfoxgh wkh fdvh ri kljk glphqvlrqv _1 Zh dvvxph iru wkh
prvw sduw wkdw
6E%ä ' 6f n6E%ä n é é én6_E%_äc +8,
8
iru vrph ixqfwlrqv 6æEüäc æ ' c é é é c _ dqg frqvwdqw 6fc dowkrxjk rxu gh?qlwlrqv pdnh vhqvh pruh
jhqhudoo| l1h1/ zkhq wkh uhjuhvvlrq ixqfwlrq lv qrw dgglwlyh/ lq zklfk fdvh wkh dv|pswrwlf ehkdylrxu
ri rxu hvwlpdwh lv pruh gl!fxow wr dqdo|}h11 Iru lghqwl?delolw| zh dvvxph wkdw]
6æE%æäRæE%æä_%æ ' fc æ ' c é é é c _c +9,
zkhuh RæEüä lv wkh pdujlqdo ghqvlw| ri fæ é Ghqrwh dovr wkh pdujlqdo ghqvlw| ri Efæ cf&ä e| Ræ&Eüc üä
uhvshfwlyho| +æc & ' c é é é c _,1 Wkh yhfwru Ef& G & 9' æä lv ghqrwhg e| f3æ dqg lwv Ohehvjxh ghqvlw|
e| R3æ1
Uhfdoo wkdw edfn?wwlqj lv prwlydwhg dv vroylqj dq hpslulfdo yhuvlrq ri wkh vhw ri htxdwlrqv
6E%ä ' .Et mf ' %äý6f ý . i62Ef2ämf ' %j
ý é é éý. i6_Ef_ämf ' %j c
111 '
111
6_E%_ä ' .Et mf_ ' %_äý6f ý . i6Efämf_ ' %_j
ý é é éý. i6_3Ef_3ämf_ ' %_j é
Zlwk rqo| vdpsoh lqirupdwlrq dydlodeoh/ rqh uhsodfhv wkh srsxodwlrq txdqwlw| .Et mfæ ' %æä e| rqh0
glphqvlrqdo vprrwkhuv e6æEüä/ dqg lwhudwhv iurp vrph duelwudu| vwduwlqj ydoxhv iru 6æEüä vhh Kdvwlh
dqg Wlevkludql +4<<4/ s1 43;,1 Ohw eRE%ä ' ?3S?ð'T_ì'gûE%ì ý f ðìä eh wkh pxowlglphqvlrqdo
nhuqho ghqvlw| hvwlpdwh dqg ohw e6E%ä eh wkh pxowlglphqvlrqdo Qdgdud|d0Zdwvrq hvwlpdwh dv gh?qhg
lq +6,1 Zh gh?qh wkh chpslulfdo surmhfwlrq* hvwlpdwhv ih6æEüäc æ ' fc é é é c _j dv wkh plqlpl}huv ri wkh
iroorzlqj fulwhulrq
ne6ý6n2eR ' ] de6E%äý 76f ý 76E%äý é é éý 76_E%_äo2 eRE%ä_%c +:,





zkhuh eRæE%æä ' U eRE%ä_%3æ lv wkh pdujlqdo ri wkh ghqvlw| hvwlpdwh eRE%ä1 Wklv lv wkh rqh0glphqvlrqdo
nhuqho ghqvlw| hvwlpdwh eRæE%æä ' ?3S?ð'gûE%æ ý f ðæäé D plqlpl}hu ri +:, h{lvwv li wkh ghqvlw|
hvwlpdwh eR lv qrq0qhjdwlyh1 Htxdwlrq +:, phdqv wkdw h6E%ä ' h6f n h6E%ä n é é é n h6æE%_ä lv wkh
9
surmhfwlrq lq wkh vsdfh O2EeRä ri e6 rqwr wkh vxevsdfh ri dgglwlyh ixqfwlrqv i6 5 w2EeRä G 6E%ä '
6fn6E%äné é én6_E%_äj1 Wklv lv d fhqwudo srlqw ri rxu wkhvlv1 Iru surmhfwlrq rshudwruv edfn?wwlqj
lv zhoo xqghuvwrrg +phwkrg ri dowhuqdwlqj surmhfwlrqv/ vhh ehorz,1 Wkhuhiruh/ wklv lqwhusuhwdwlrq zloo
hqdeoh xv wr xqghuvwdqg frqyhujhqfh ri wkh edfn?wwlqj dojrulwkp dqg wkh dv|pswrwlfv ri h6æ1 Zh
uhpdun wkdw qrw hyhu| edfn?wwlqj dojrulwkp edvhg rq lwhudwlyh vprrwklqj fdq eh lqwhusuhwhg dv dq
dowhuqdwlqj surmhfwlrq phwkrg1
Wkh vroxwlrq wr +:, lv fkdudfwhul}hg e| wkh iroorzlqj v|vwhp ri htxdwlrqv Eæ ' c é é é c _ä=
h6æE%æä ' ] e6E%ä eRE%äeRæE%æä_%3æ ý[
& õ'æ
] h6&E%&ä eRE%äeRæE%æä_%3æ ý h6f +;,
f '
] h6æE%æäeRæE%æä_%æ é +<,
Vwudljkwiruzdug dojheud jlyhv
] e6E%ä eRE%äeRæE%æä_%3æ ' ?
3S?
ð'gûE%æ ýf ðæät ðeRæE%æä ì e6æE%æäc +43,
ehfdxvh ri
U T
ìõ'ægûE%ì ý f ðìä_%3æ ' / zkhuh e6æE%æä lv h{dfwo| wkh fruuhvsrqglqj xqlyduldwh
Qdgdud|d0Zdwvrq hvwlpdwrué Ixuwkhupruh/ h6f ' U e6E%äeRE%ä_%c dqg ehfdxvh ri U T_ì'gûE%ì ý
f ðìä_%3æ ' / zh ?qg/ dv lq Kdvwlh dqg Wlevkludql +4<<4,/ wkdw h6f ' ?3S?ð' t ð/ l1h1/ wkdw h6f lv wkh
vdpsoh phdq1 Wkhuhiruh/ h6f lv d s?0frqvlvwhqw hvwlpdwh ri wkh srsxodwlrq phdq dqg wkh udqgrpqhvv
iurp wklv hvwlpdwlrq lv ri vpdoohu rughu dqg fdq eh h>hfwlyho| ljqruhg1 Qrwh dovr wkdw
h6f ' ] e6æE%æäeRæE%æä _%æ iru æ ' c é é é c _é +44,
Zh wkhuhiruh gh?qh d edfn?wwlqj hvwlpdwru h6æE%æäc æ ' c é é é c _c dv d vroxwlrq wr wkh v|vwhp ri
htxdwlrqv ^æ ' c é é é c _`
h6æE%æä ' e6æE%æäý[
& õ'æ




zlwk h6f gh?qhg e| +44,1 Xs wr qrz zh kdyh dvvxphg wkdw pxowlyduldwh hvwlpdwhv ri wkh ghqvlw| dqg
ri wkh uhjuhvvlrq ixqfwlrq h{lvw iru doo %1 Wklv dvvxpswlrq lv qrw uhdvrqdeoh iru odujh glphqvlrqv _
+ru dw ohdvw vxfk hvwlpdwhv fdq shuirup yhu| srruo|,1 Ixuwkhupruh/ wklv dvvxpswlrq lv qrw qhfhvvdu|1
Qrwh wkdw +;, fdq eh uhzulwwhq dv
h6æE%æä ' e6æE%æäý[
& õ'æ
] h6&E%&äeRæc&E%æ c %&äeRæE%æä _%& ý h6fc +45,
zkhuh eRæc&E%æ c %&ä ' ?3S?ð'gûE%æ ýf ðæägûE%& ý fð&ä lv wkh wzr0glphqvlrqdo pdujlqdo ri wkh ixoo
glphqvlrqdo nhuqho ghqvlw| hvwlpdwh eRE%ä1 Lq wklv htxdwlrq rqo| rqh dqg wzr glphqvlrqdo pdujlqdov
ri eR duh xvhg1
Xswr qrz zh kdyh lpsolflwo| dvvxphg wkdw wkh vxssruw ri f lv xqerxqghg ru dw ohdvw wkdw wkh
ghqvlw| dssurdfkhv }hur dw wkh erxqgdu| vxlwdeo| idvw1 Zh qrz frqvlghu d jhqhudol}dwlrq ri wkh
phwkrg zklfk wdnhv fduh ri wkh erxqgdu| h>hfwv wkdw duh suhvhqw zkhq wkh ghqvlwlhv kdyh frpsdfw
vxssruw1 Zh gr qrw uhtxluh wkdw +44, krogv ^l1h1/
U e6æE%æäeRæE%æä _%æ pd| ghshqg rq æ `/ qru wkdw eRæ
eh d suredelolw| ghqvlw|/ dqg zh doorz wkdw eRæ lv qrw wkh pdujlqdo ghqvlw| ri eRæc& / l1h1/ lw pd| qrw
krog iru doo æ 9' & wkdw eRæE%æä ' ] eRæc&E%æ c %&ä _%&é +46,
Iru lqvwdqfh wklv pd| eh wkh fdvh iru nhuqho ghqvlw| hvwlpdwhv ri d ghqvlw| zlwk frpsdfw vxssruw1 Iru
ghwdlov vhh Vhfwlrq 81 Iru wklv pruh jhqhudo vhwwlqj zh zdqw wr ?qg qrz dq dssursuldwh prgl?fdwlrq
ri +45,1 Zh uhzulwh +45, dv
h6æE%æä ' e6æE%æäý[
& õ'æ
] h6&E%&äeRæ&E%æc %&äeRæE%æä _%& ý h6fcæc +47,
zkhuh h6fcæ lv fkrvhq vxfk wkdw U h6æE%æäeRæE%æä_%æ ' f iru doo æ1 Xqghu wkh dvvxpswlrq ri +44,/ +46,
dqg
U eRæE%æä _%æ ' c wklv jlyhv +45,1 Lq jhqhudo/ +47, fdq eh uhzulwwhq dv
h6æE%æä ' e6æE%æäý h6fcæ ý[
& õ'æ
] h6&E%&ä éeRæ&E%æ c %&äeRæE%æä ý eR&cdænoE%&ä
è
_%&c +48,
zkhuh iru & 9' æ
eR&cdænoE%&ä ' ] eRæ&E%æ c %&ä _%æ é] eRæE%æä _%æè3 c +49,
;
h6fcæ ' U e6æE%æäeRæE%æä _%æU eRæE%æä _%æ é +4:,
Lq wkh qh{w vhfwlrq zh zloo glvfxvv hvwlpdwhv h6æ wkdw duh gh?qhg e| +48, dorqj zlwk wkhlu dv|ps0
wrwlf surshuwlhv1 Lq sudfwlfh/ rxu edfn?wwlqj dojrulwkp zrunv dv iroorzv1 Rqh vwduwv zlwk dq duelwudu|
lqlwldo jxhvv h6dfoæ iru h6æ ( iru h{dpsoh/ h6dfoæ ' e6æ ru h6dfoæ lv wkh pdujlqdo lqwhjudwlrq hvwlpdwru ri
Olqwrq dqg Qlhovhq +4<<8,1 Lq wkh æ0wk vwhs ri wkh o0wk lwhudwlrq f|foh rqh sxwv
h6dooæ E%æä ' e6æE%æäý[
&÷æ






] h6do3o& E%&ä éeRæ&E%æc %&äeRæE%æä ý eR&cdænoE%&ä
è
_%& ý h6fcæ c +4;,
dqg wkh surfhvv lv lwhudwhg xqwlo d ghvluhg frqyhujhqfh fulwhulrq lv vdwlv?hg1 Wkh lqwhjudov duh frp0
sxwhg qxphulfdoo|/ vhh vhfwlrq 7 ehorz iru ixuwkhu frpphqwv1
615 Dv|pswrwlfv iru wkh Qdgdud|d0Zdwvrq0olnh Hvwlpdwru
Zh qrz frqvlghu hvwlpdwhv h6æ wkdw duh gh?qhg e| +48,/ zkhuh e6æ c eRæ&c dqg eRæ duh vrph jlyhq
hvwlpdwhv1 Wkh qh{w wkhruhp jlyhv frqglwlrqv xqghu zklfk/ zlwk suredelolw| whqglqj wr rqh/ wkhuh
h{lvwv d vroxwlrq h6æ ri +48, wkdw lv xqltxh dqg wkdw fdq eh fdofxodwhg e| edfn?wwlqj1 Ixuwkhupruh/ wkh
edfn?wwlqj dojrulwkp frqyhujhv zlwk jhrphwulf udwh1 Rxu dvvxpswlrqv/ jlyhq ehorz/ duh ckljk0ohyho*
dqg rqo| uhihu wr surshuwlhv ri e6æ c eRæ&c dqg eRæ ^iru h{dpsoh/ zh gr qrw uhtxluh wkdw R eh wkh xqghuo|lqj
ghqvlw| ri f ru wkdw e6æ c eRæ&c dqg eRæ duh nhuqho hvwlpdwhv` ý wkhvh surshuwlhv fdq eh yhul?hg iru d
udqjh ri vprrwkhuv xqghu txlwh jhqhudo khwhurjhqhrxv dqg ghshqghqw vdpsolqj vfkhphv/ dv zh vkrz
lq vhfwlrq 8 ehorz1 Lq wkh vhtxho/ doo lqwhjudov duh wdnhq ryhu wkh vxssruw ri wkh uhohydqw yduldeohv1
Zh xvh wkh frqyhqwlrq wkdw f*f ' f1






Ræc&E%æ c %&ä '
]
RE%ä _%3Eæc&ä iru æ 9' &é




+D5, Iru doo æ 9' &c lw krogv wkdw ] éeRæE%æäý RæE%æä
RæE%æä
è2





R&E%&äRæE%æä_%æ_%& ' Jå Eäc] é eRæc&E%æc %&ä
R&E%&äeRæE%æäý Ræc&E%æ c %&äR&E%&äRæE%æä
è2
R&E%&äRæE%æä_%æ_%& ' Jå Eäé
Ixuwkhupruh/ eRæ ydqlvkhv rxwvlgh wkh vxssruw ri Ræ/ eRæc& ydqlvkhv rxwvlgh wkh vxssruw ri Ræc&/ dqgeRæc&E%æc %&ä ' eR&cæE%&c %æä1
+D6, Wkhuh h{lvwv d ?qlwh frqvwdqw ä vxfk wkdw zlwk suredelolw| whqglqj wr rqh iru doo æc] e62æE%æäRæE%æä_%æ é äé
+D7, Iru vrph ?qlwh lqwhuydov 7æ ã U wkdw duh frqwdlqhg lq wkh vxssruw ri Ræ d é æ é _o zh vxssrvh
wkdw wkhuh h{lvwv d ?qlwh frqvwdqw ä vxfk wkdw zlwk suredelolw| whqglqj wr rqh iru doo æ 9' &/
týT
%&M7&
] eR2æc&E%æ c %&äeR2&E%&äRæE%æä_%æ é äé
Iru wkh vwdwhphqw ri rxu qh{w dvvxpswlrq zh vxssrvh wkdw wkh rqh0glphqvlrqdo vprrwkhuv e6æ
fdq eh ghfrpsrvhg dv e6æ ' e6øæ n e6îæ é
Iru r ' ø dqg r ' îc zh gh?qh h6ræ dv wkh vroxwlrq ri wkh iroorzlqj htxdwlrq=
h6ræE%æä ' e6ræE%æäý[
& õ'æ
] h6r&E%&ä éeRæ&E%æ c %&äeRæE%æä ý eR&cdænoE%&ä
è
_%& ý h6rfcæc +4<,
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zkhuh h6rfcæ ' U e6ræE%æäeRæE%æä_%æ* U eRæE%æä_%æ1 H{lvwhqfh dqg xqltxhqhvv ri h6øæ dqg h6îæ lv vwdwhg lq
wkh qh{w wkhruhp +xvlqj wkh iroorzlqj dvvxpswlrq,1 Qrwh wkdw h6ræ lv gh?qhg dv h6æ lq htxdwlrq +48,
zlwk e6æ uhsodfhg e| e6ræ1 Zh jhw wkdw h6æ ' h6øæ n h6îæ 1
+D8, Wkhuh h{lvwv d ?qlwh frqvwdqw ä vxfk wkdw zlwk suredelolw| whqglqj wr rqh iru doo æc] e6øæ E%æä2RæE%æä_%æ é ä
dqg ] e6îæ E%æä2RæE%æä_%æ é äé
Lq wkh dssolfdwlrqv ri rxu uhvxowv zh zloo sxw e6øæ dv wkh vwrfkdvwlf sduw dqg e6îæ dv wkh h{shfwdwlrq
sduw ri e6æ +ru lq fdvh ri d udqgrp ghvljq/ dv wkh frqglwlrqdo h{shfwdwlrq ri e6æ jlyhq wkh ghvljq1, Lq
sduwlfxodu/ lq wkh fdvh ri Qdgdud|d Zdwvrq vprrwklqj ri l1l1g1 wxsohv Ef ðc t ðä zlwk t ð ' 6Ef ðä n
0ð zkhuh 0ð lv phdq }hur/ zh zloo sxw e6øæ E%æä ' ?3S?ð'gûE%æ ý f ðæä0ð %eRæE%æä dqg e6îæ E%æä '
?3
S?
ð'gûE%æ ýfðæä6Ef ðä %eRæE%æä 1 Qrwh wkdw +lq wklv fdvh, frqglwlrqv rq e6øæ dqg e6îæ duh hdv| wr
yhuli| ^ehfdxvh rqo| rqh glphqvlrqdo vprrwklqj lv dssolhg` zkhuhdv frqglwlrqv rq h6øæ dqg h6îæ duh
kdughu wr wuhdw ehfdxvh wkhvh yduldeohv duh gh?qhg rqo| lpsolflwo|1 Wkh qh{w dvvxpswlrq vwdwhv d
frqglwlrq rq e6øæ wkdw fdq eh xvhg wr wuhdw wkh vwrfkdvwlf sduw h6øæ é
+D9, Zh vxssrvh wkdw iru d vhtxhqfh {? $ f wkh ?uvw frpsrqhqw e6øæ vdwlv?hv iru æ 9 '&
týT
%&M7&
ññññ] eRæc&E%æ c %&äeR&E%&ä e6øæ E%æä_%æ
ññññ ' Jå E{?ä c +53,ðððð] eRæc&E%æ c %&äeR&E%&ä e6øæ E%æä_%æ
ðððð
2
' Jå E{?ä c +54,
zkhuh n é é é n2 ghqrwhv wkh qrup lq wkh vsdfh O2ER&ä1 Iru vlpsolflw| ri qrwdwlrq wkh lqgh{ & lv
vxssuhvvhg lq wkh qrwdwlrq1 Wkh vhwv 7& kdyh ehhq lqwurgxfhg lq +D7,1
Iru wkh h{shfwdwlrq whup h6îæ zh vxssrvh lq wkh iroorzlqj dvvxpswlrq wkdw lw vwdelol}hv dv|ps0
wrwlfdoo| durxqg d qrqudqgrp whup1 Ehorz zh zloo jlyh dvvxpswlrqv rq e6îæ wkdw duh hdvlhu wr fkhfn
dqg wkdw zloo lpso| wkh frqglwlrq rq h6îæ 1
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+D:, Zh vxssrvh wkdw wkhuh h{lvw +ghwhuplqlvwlf, ixqfwlrqv >?cæEüä vxfk wkdw wkh whup h6îæ vdwlv?hv
týT
%æM7æ
ññ h6îæ E%æäý >?cæE%æäññ ' Jå E{?äc
zkhuh wkh vhwv 7æ duh lqwurgxfhg lq Dvvxpswlrq +D7,1
Wkhvh frqglwlrqv/ zklfk zh glvfxvv ixuwkhu ehorz/ duh doo vwudljkwiruzdug wr yhuli|/ h{fhsw +D:,1
Wkh| duh zhdnhu wkdq wkrvh pdgh e| Rsvrphu dqg Uxsshuw +4<<:,> lq sduwlfxodu/ zh gr qrw uhvwulfw
wkh ghshqghqfh ehwzhhq wkh fryduldwhv1
Wkh iroorzlqj uhvxow lv fuxfldo lq hvwdeolvklqj wkh dv|pswrwlf surshuwlhv ri wkh hvwlpdwhv1
Wkhruhp 4 ^Frqyhujhqfh ri edfnilwwlqj`1 Vxssrvh wkdw frqglwlrqv D40D6 krog1 Wkhq/
zlwk suredelolw| whqglqj wr rqh/ wkhuh h{lvwv d vroxwlrq h6æ ri +48, wkdw lv xqltxh1 Ixuwkhupruh wkhuh
h{lvw frqvwdqwv f ÷ ò ÷  dqg S : f vxfk wkdw/ zlwk suredelolw| whqglqj wr rqh/ wkh iroorzlqj lqhtxdolw|









Khuh/ wkh ixqfwlrqv h6dfo E%äc é é é c h6dfo_ E%_ä duh wkh vwduwlqj ydoxhv ri wkh edfn?wwlqj dojrulwkp1 Iru
o : f wkh ixqfwlrqv h6doo E%äc é é é c h6doo_ E%_ä duh gh?qhg e| +4;,1
Ixuwkhupruh/ iru r ' ø dqg r ' î xqghu wkh dgglwlrqdo dvvxpswlrq ri D8/ zlwk suredelolw|
whqglqj wr rqh wkhuh h{lvwv d vroxwlrq h6ræ ri +4<, wkdw lv xqltxh1
Rxu qh{w wkhruhp vwdwhv wkdw wkh vwrfkdvwlf sduw ri wkh edfn?wwlqj hvwlpdwh lv hdv| wr xqghuvwdqg1
Lw frlqflghv zlwk wkh vwrfkdvwlf sduw ri d rqh0glphqvlrqdo vprrwk1 Wkhuhiruh/ iru dq xqghuvwdqglqj
ri wkh dv|pswrwlf surshuwlhv ri wkh edfn?wwlqj hvwlpdwh lw uhpdlqv wr vwxg| lwv dv|pswrwlf eldv1 Wklv
zloo eh grqh diwhu wkh wkhruhp xqghu dgglwlrqdo dvvxpswlrqv1
Wkhruhp 51 Vxssrvh wkdw frqglwlrqv D4 0 D9 krog iru d vhtxhqfh {? dqg lqwhuydov 7æ + é æ é
?1 Wkhq/ lw krogv wkdw
týT
%æM7æ
ññ h6øæ E%æäý ûe6øæ E%æäý h6øfcæúññ ' Jå E{?äé
45
Li lq dgglwlrq D: krogv/ wkhq rqh jhwv
týT
%æM7æ
ññ h6æE%æäý û e6øæ E%æäý h6øfcæ n >?cæE%æäúññ ' Jå E{?äé +56,
W|slfdoo| wkh dv|pswrwlf vwrfkdvwlf ehkdylrxu ri e6øæ lv hdv| wr xqghuvwdqg ehfdxvh lw lv d rqh0
glphqvlrqdo olqhdu vprrwkhu1 Vr li {? lv vpdoo hqrxjk Wkhruhp 5 jlyhv wkh dv|pswrwlfv ri h6øæ 1 Zh
zloo glvfxvv wklv ehorz lq ghwdlo1
Zh frph qrz wr wkh vwxg| ri wkh h{shfwdwlrq whup h6îæ 1 Wkh dv|pswrwlf h{shfwdwlrq >?cæE%æä fdq
eh fdofxodwhg e| d surmhfwlrq xqghu wkh iroorzlqj dvvxpswlrqv1
+D;, Vxssrvh wkdw iru æ 9' &
týT
%æM7æ
] ññññ Ræc&E%æc %&äRæE%æäR&E%&ä ý eRæc&E%æ c %&äeRæE%æäeR&E%&ä
ññññ R&E%&ä _%& ' Jå Eäé +57,
+D<, Wkhuh h{lvwv ghwhuplqlvwlf ixqfwlrqv k?cE%äc é é é c k?c_E%_äc frqvwdqwv k?cf ò?cc é é é c ò?c_cdqg d







k?cæEüäeRæEüä _ü ' ò?cæ n Jå E{?äc
týT
%æM7æ
ññ e6îæ E%æäý e>?cf ý e>?cæE%æäññ ' Jå E{?äc +58,] ññ e6îæ E%æäý e>?cf ý e>?cæE%æäññ2 RæE%æä_%æ ' Jå E{2?äc +59,
iru d udqgrp yduldeoh e>?cf dqg zkhuh











Zh zloo glvfxvv wkhvh dvvxpswlrqv diwhu wkh iroorzlqj wkhruhp1
Wkhruhp 61 Vxssrvh wkdw frqglwlrqv D40D9/ D;/ D< krog1 Gh?qh d frqvwdqw qf dqg ixqfwlrqv
qæ rq U ^zlwk
U
qæE%æäRæE%æä _%æ ' f` e|
Eqfc qc é é é c q_ä ' @h} 4ð?
qfcééécq_
]




ññ h6îæ E%æäý >?cæE%æäññ ' Jå E{?äc
zkhuh
>?cæE%æä ' k?cæE%æäý ò?cæ n{?qæE%æäc
l1h1/ D: krogv zlwk wklv fkrlfh ri >?cæE%æä1
Wkhruhpv 5 dqg 6 jlyh wkh dv|pswrwlf ehkdylrxu ri h6æE%æä lq whupv ri {?c e6øæ E%æä/ k?cæ dqg
qæE%æäc zklfk txdqwlwlhv fdq eh dqdo|}hg e| vwdqgdug whfkqltxhv1 Lq Vhfwlrq 8 zh zloo yhuli| frqglwlrqv




æ ý %æät ð*eRæE%æä +5;,
dqg eRæ dqg eRæ& duh nhuqho ghqvlw| hvwlpdwhv ^ri wkh ghqvlwlhv rifæ dqg Efæ cf&ä/ uhvshfwlyho|1, Zh zloo
vkrz wkdw frqglwlrqv D40D9/ D;/ D< krog xqghu wkh dvvxpswlrqv E40E:/ vwdwhg wkhuh/ vhh Wkhruhp
71 Wklv zloo eh grqh zlwk û ri rughu ?3*D dqg nhuqhov g zlwk erxqgdu| fruuhfwlrqv1 Lw zloo wxuq rxw
wkdw wkh frqglwlrqv krog zlwk {? ' û2 dqg zkhuh k?cæE%æä lv htxdo wr 6æE%æä soxv d fruuhfwlrq whup














Zh uhpdun wkdw xqghu vwurqj frqglwlrqv ^wkdw zh gr qrw dsso| khuh` û2qE%ä lv wkh dv|pswrwlf eldv
ri d ixoo glphqvlrqdo Qdgdud|d Zdwvrq hvwlpdwh1 Vr Wkhruhp 6 vkrzv wkdw wkh eldv whupv ri wkh
47
edfn?wwlqj hvwlpdwhv duh jlyhq e| surmhfwlrqv ri wkh 3wkhruhwlfdo4 eldv ri d ixoo glphqvlrqdo Qdgdud|d
Zdwvrq hvwlpdwh1
Lq wkh glvfxvvlrq ri Vhfwlrq 8 zh zloo dvvxph wkdw wkh dgglwlyh prgho +8, krogv1 Wkh glvfxvvlrq
ri wkh h{shfwdwlrq sduw h6îæ ehfrphv yhu| frpsolfdwhg/ zkhq wkh uhjuhvvlrq ixqfwlrq lv qrw dgglwlyh1
Wkhq li wkh ixoo glphqvlrqdo nhuqho ghqvlw| hvwlpdwh eR h{lvwv rqh zrxog h{shfw wkdw lq ?uvw rughuh6î E%än é é én h6î_ E%_ä lv htxlydohqw wr wkh O2EeRä surmhfwlrq ri wkh uhjuhvvlrq ixqfwlrq rqwr wkh vsdfh
ri dgglwlyh ixqfwlrqv1 Ehfdxvh ri wkh vorz frqyhujhqfh ri eR wr R zh frqmhfwxuh wkdw wklv gl>hu iurp
wkh O2ERä surmhfwlrq e| whupv wkdw duh ri odujhu rughu wkdq ïå E?32*Dä1
7 Hvwlpdwlrq zlwk Orfdo sro|qrpldov
Iru vlpsolflw| ri qrwdwlrq zh frqvlghu rqo| orfdo olqhdu vprrwklqj1 Doo dujxphqwv dqg wkhruhwlfdo
uhvxowv jlyhq iru wklv vshfldo fdvh fdq eh jhqhudol}hg wr orfdo sro|qrpldov ri kljkhu ghjuhh1
































Zlwk wkhvh txdqwlwlhv wkh orfdo olqhdu hvwlpdwh e4E%ä lv gh?qhg dv
e4E%ä ' õjE%äAkE%äjE%äô3jE%äA kE%äv ì eV3E%äe+E%äc +64,
zkhuh v ' Et c é é é c t ?äA / eVE%ä ' jE%äAkE%äjE%ä dqg e+E%ä ' jE%äA kE%äv1
Edfn?wwlqj hvwlpdwruv edvhg rq orfdo sro|qrpldov fdq eh zulwwhq lq wkh irup ri htxdwlrq +:, e|
fkrrvlqj eRE%ä ' eTfcfE%äý eVAfc3fE%äeV33fc3fE%äeVfc3fE%äc zkhuh




zlwk wkh vfdodu eTfcfE%ä ' ?3S?ð'T_ì'gûEfðìý%ìäc dqg eV3fcfE%äc eV3fc3fE%ä gh?qhg dssursuldwho|1
Wklv dssurdfk kdv wzr glvdgydqwdjhv1 Iluvw/ lw pd| zrun rqo| lq orz glphqvlrqv ý vlqfh iru wkh
dv|pswrwlfv/ h{lvwhqfh ri wkh pdwul{ eV33fc3fE%ä dqg frqyhujhqfh ri eV3fc3fE%ä lv uhtxluhg xqghu rxu
dvvxpswlrqv ^dqg wklv pd| krog rqo| iru orz glphqvlrqdo dujxphqw %o1 Vhfrqg/ wkh fruuhvsrqglqj
edfn?wwlqj dojrulwkp grhv qrw frqvlvw lq lwhudwlyh orfdo sro|qrpldo vprrwklqj1
Zh qrz glvfxvv dqrwkhu dssurdfk edvhg rq orfdo sro|qrpldov wkdw zrunv lq kljkhu glphqvlrqv
dqg wkdw lv edvhg rq lwhudwlyh orfdo sro|qrpldo vprrwklqj1 Zh prwlydwh wklv dssurdfk iru wkh fdvh
wkdw eVE%ä grhv h{lvw/ exw zh zloo vhh wkdw wkh gh?qlwlrq ri wkh edfn?wwlqj hvwlpdwh lv edvhg rq rqo|
rqh0 dqg wzr0glphqvlrqdo cpdujlqdov* ri eVE%ä1 Vr lwv dv|pswrwlf wuhdwphqw uhtxluhv rqo| frqvlvwhqf|
ri wkhvh pdujlqdov/ dqg wkh dv|pswrwlfv zrun dovr iru kljkhu glphqvlrqv1 Wklv lv vlplodu wr wkh
glvfxvvlrq lq wkh odvw vhfwlrq zkhuh frqvlvwhqf| kdv ehhq qhhghg rqo| iru rqh0 dqg wzr0 glphqvlrqdo
pdujlqdov ri wkh nhuqho ghqvlw| hvwlpdwh eR1
Iru ixqfwlrqv s ' Esfc é é é c s_ä zlwk frpsrqhqwv s æ G U_ :ý$ U dqg _ n  e| _ n  srvlwlyh




Wkhuh lv d rqh0wr0rqh fruuhvsrqghqfh ehwzhhq ixqfwlrqv s dqg ixqfwlrqv lq Isü,,1 Ixuwkhupruh/
wdnlqj  ' eV zh jhw wkdw nün lv vlpso| wkh vhpl0qrup lqgxfhg e| nünW1 Lq Vhfwlrq 5 rxu yhuvlrqh4E%ä ' Eh6fE%äc é é é c h6_E%ääA ri wkh edfn?wwlqj hvwlpdwh zdv gh?qhg dv wkh surmhfwlrq ri ^wkh ixqfwlrq
lq Isü,, fruuhvsrqglqj wr` e4 ^vhh +4,` zlwk uhvshfw wr nünW rqwr wkh vsdfh I@__1 Wkhuhiruh/ h4 frlqflghv
zlwk wkh O2EeVä surmhfwlrq/ zlwk uhvshfw wr wkh +vhpl0,qrup nsn eV/ ri e4 rqwr wkh vxevsdfh P@__/
zkhuh
P@__ ' iýE%ä ' EüfE%äc é é é c ü_E%ääA 5Pm
üfE%ä ' üf n üE%ä n é é én ü_E%_äc ü
ìE%ä ' çìE%ìä iru ì ' c é é é c _c
zkhuh üc é é é c ü_ duh ixqfwlrqv U :ý$ U zlwk
] eT æfcfE%æäüæE%æä_%æ ' f iru æ ' c é é é c _c
zkhuh üf lv d frqvwdqw dqg zkhuh çì G ì ' c é é é c _ duh ixqfwlrqv= U :ý$ Ujc
zkhuh iru hdfk æ wkh E_näû E_nä pdwul{ eVæE%æä ' U eVE%ä_%3æ dqg zkhuh eT æìcìâE%æä df é ìc ìâ é _o
ghqrwh wkh hohphqwv ri eVæE%æä1 Qrwh wkdw wkh hvwlpdwh eT æfcf frlqflghv zlwk wkh pdujlqdo nhuqho ghqvlw|
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hvwlpdwh eRæ dqg wkdw wkhuhiruh wkh qruplqj U eT æfcfE%æäüæE%æä_%æ ' f pdnhv vhqvh1 Wklv qruplqj pdnhv
wkh gh?qlwlrq ri wkh dgglwlyh frpsrqhqwv üæ xqltxh1 ^Fohduo|/ wkh gh?qlwlrq ri wkh vhwP@__ zrxog
qrw fkdqjh li zh rplw wklv qruplqj1` Wkh fodvv P@__ frqwdlqv ixqfwlrqv wkdw duh dgglwlyh lq wkh
?uvw frpsrqhqw ^iru ì ' f` dqg zkhuh wkh rwkhu frpsrqhqwv ^iru ì ' c é é é c _` ghshqg rqo| rq d
rqh0glphqvlrqdo dujxphqw1 D ixqfwlrq s lq P@__ lv vshfl?hg e| d frqvwdqw sf dqg 2_ ixqfwlrqv
U :ý$ U1 Ehfdxvh s ìc ì ' c é é é c _c ghshqg rqo| rq rqh dujxphqw/ lq dexvh ri qrwdwlrq zh zulwh dovr
s ìE%ìä lqvwhdg ri s ìE%ä1 Qrwh wkdw wkhuh lv d rqh0wr0rqh fruuhvsrqghqfh ehwzhhq hohphqwv ri P@__
dqg I@__1
Zh qrz glvfxvv krz h4 lv fdofxodwhg e| edfn?wwlqj1 Qrwh wkdw h4 lv gh?qhg dv wkh plqlpl}hu
ri ne6ý6neV1 Uhfdoo wkdw wklv lv htxlydohqw wr plqlpl}lqj nv ý4n2W ryhu I@__1 Zh glvfxvv qrz



















æ ý %æä _%3æc
dqg qrwh wkh reylrxv idfw wkdw
nsn2W '
]
nsn2æE%æä_%æ c æ ' c é é é c _é
Wkhuhiruh/ ehfdxvh vxfk dq lqwhjudo lv plqlpl}hg e| plqlpl}lqj wkh lqwhjudqg/ rxu sureohp lv vroyhg
e| plqlpl}lqj nvý4n2æE%æäc iru ?{hg %æc zlwk uhvshfw wr 6æE%æä dqg 6fn6æE%æä/ iru æ ' c é é é c _1
Diwhu vrph vwdqgdug fdofxodwlrqv/ wklv ohdgv wr wkh iroorzlqj ?uvw rughu frqglwlrqv=













] h6ìE%ìäeT ìcæìcf E%ìc %æä_%ì +65,
h6æE%æäeT ææcfE%æä n h6æE%æäeT ææcæE%æä ' ?
?[
ð'













] h6ìE%ìäeT ìcæìcæ E%ìc %æä_%ìé +66,
Khuh/ zh kdyh xvhg rqh0 dqg wzr0glphqvlrqdo pdujlqdov ri wkh pdwul{ eV=
eVoE%oä ' ] eVE%ä_%3o +67,
eVocrE%oc %rä ' ] eVE%ä_%3Eocräé +68,
Wkh hohphqwv ri wkhvh pdwulfhv duh ghqrwhg e| eT oRc^E%oä dqg eT ocrRc^ E%oc %rä zlwk Rc ^ ' fc é é é c _1 Wrjhwkhu
zlwk wkh qruplqj frqglwlrq ] h6æE%æäeT æfcfE%æä_%æ ' fc +69,
htxdwlrqv +65, dqg +66, gh?qh h6f/ h6æ dqg h6æ iru jlyhq v dqg dh6ìc h6ì G ì 9' æo1
Htxdwlrqv +65,/ +66,/ dqg +69, fdq eh uhzulwwhq dv
h6æE%æä ' e6æE%æä n ò6æE%æä +6:,h6æE%æä ' e6æE%æä n ò6æE%æäc +6;,
zkhuh e6æE%æäc ò6æE%æäc e6æE%æä dqg ò6æE%æä duh gh?qhg e|=





æ ý %æät ð +6<,
e6æE%æäeT ææcfE%æä n e6æE%æäeT ææcæE%æä ' ?
?[
ð'




æ ý %æät ð +73,
ò6æE%æäeT æfcfE%æä n ò6æE%æäeT ææcfE%æä ' ýh6feT æfcfE%æäý[
ìõ'æ




] h6ìE%ìäeT ìcæìcf E%ìc %æä_%ì +74,
ò6æE%æäeT ææcfE%æä n ò6æE%æäeT ææcæE%æä ' ýh6feT ææcfE%æäý[
ìõ'æ





] h6ìE%ìäeT ìcæìcæ E%ìc %æä_%ì +75,]
ò6æE%æäeT æfcfE%æä_%æ ' ý] e6æE%æäeT æfcfE%æä_%æé +76,
Qrwh wkdw Ee6æ c e6æä lv wkh rqh glphqvlrqdo orfdo olqhdu ?w ri wkh revhuydwlrqv t ð rqwr f ðæ1
Djdlq/ htxdwlrqv +6:,0+76, gh?qh h6f/ h6æ dqg h6æ iru jlyhqv dqg dh6ìc h6ì G ì 9' æo1 Lq wkh æ0wk vwhs
ri hyhu| f|foh ri wkh edfn?wwlqj dojrulwkp dq xsgdwh ri h6f/ h6æ dqg h6æ zloo eh fdofxodwhg e| vroylqj
htxdwlrqv +6:,0+76,1 Lq wkh qh{w vxevhfwlrq zh zloo glvfxvv dv|pswrwlfv iru wkh edfn?wwlqj hvwlpdwh
lq d pruh jhqhudo vhw xs1 Lq sduwlfxodu/ wkhuh zh zloo qrw dvvxph wkdw Ee6ìc e6ìä lv d rqh0glphqvlrqdo
orfdo olqhdu ?w qru wkdw eVì dqg eVìcìâ duh prwlydwhg e| orfdo olqhdu vprrwklqj1 Ixuwkhupruh/ zh zloo
qrw pdnh dq| dvvxpswlrqv rq wkh vwrfkdvwlf qdwxuh ri wkh vdpsoh1 Iru duelwudu| fkrlfhv ri Ee6ìc e6ìäc
zh zloo gh?qh h6æ dqg h6æ e|
fæE%æä# ih6æ ý e6æjE%æäih6æ ý e6æjE%æä
$





] e5ìcæE%ìc %æä# h6ìE%ìäh6ìE%ìä
$
_%ìé+77,
] h6æE%æäeT æfcfE%æä _%æ ' fé +78,
zkhuh
fæE%æä ' # eT æfcfE%æä eT ææcfE%æäeT ææcfE%æä eT ææcæE%æä
$
c +79,
e5ìcæE%ìc %æä ' # eT ìcæfcf E%ìc %æä eT ìcæìcf E%ìc %æäeT ìcææcf E%ìc %æä eT ìcæìcæ %ìc %æä
$
é +7:,
Qrwh wkdw djdlq dv iru Qdgdud|d0Zdwvrq vprrwklqj zh doorz wkdw h6fcæ ghshqgv rq ?1 Lq sduwlf0
xodu/ wklv pd| eh wkh fdvh li lw grhv qrw krog wkdw] eT ìcæocr E%ìc %æä _%æ ' eT ìocrE%ìä +7;,
iru o 5 ifc ìj dqg r 5 ifc æj1
Qrw h6æE%æä/ exw û h6æE%æä lv dq hvwlpdwh ri wkh ghulydwlyh 6âæE%æä ri 6æE%æä1 Wkh uhdvrq wkdw lq
rxu gh?qlwlrq ri wkh vhplqrup n nW zh kdyh wkh olqhdu whup s ðcæE%äE%æ ý f ðæä*û dqg qrw wkh whup
4<
s ðcæE%äE%æ ý fðæä/ vhh +5, dqg vhh dovr wkh gh?qlwlrq +63, ri wkh pdwul{ fE%ä1 W|slfdoo|/ hvwlpdwhv
ri ghulydwlyhv kdyh yduldqfh ri rughu E?ûôä3/ frpsduhg wr wkh rughu E?ûä3 iru hvwlpdwhv ri wkh
ixqfwlrqv lwvhoi1 Iru wklv uhdvrq/ rqh fdq vkrz wkdw/ ehfdxvh ri rxu qruplqj e| wkh idfwru û3/h6æE%æä kdv yduldqfh wkdw lv ri wkh vdph dv|pswrwlf rughu dv wkh yduldqfh ri h6æE%æä1 Wkh vdph krogv
iru e6æE%æä1 Wklv lv wkh uhdvrq zk| zh kdyh lqwurgxfhg wkh idfwru û3 lq n nW dqg fE%ä1
Ohw xv ?qlvk wklv vhfwlrq e| vrph frpsxwdwlrqdo uhpdunv1







] e5ìcæE%ìc %æä# h6d@oì E%ìäh6d@ocìE%ìä
$
_%ìé +7<,
h6d@noæ E%æä ' esæE%æäý ] esæEüæäeT æfcfEüæä _üæ é +83,
î Iru wkh fdvh wkdw +7;, krogv/ lq d idvwhu lpsohphqwdwlrq/ wkh qruplqj ri h6æ grqh lq +83, frxog
eh rplwwhg/ l1h1/ rqh frxog sxw h6d@noæ E%æä ' sæE%æä1 Diwhu wkh ?qdo f|foh doo ixqfwlrqv h6æ
frxog eh uhsodfhg e| h6æE%æäý U h6æE%æäeT æfcfE%æä _%æ dqg h6f gh?qhg dssursuldwho|1 Lw lv hdv| wr
vhh wkdw wklv dojrulwkp grhv wkh vdph1 Li rqh lv lqwhuhvwhg rqo| lq wkh hvwlpdwlrq ri wkh vxp
6fn6E%än é é én6_E%_ä wkh ?qdo qruplqj frxog eh rplwwhg ru uhsodfhg e| dqrwkhu qruplqj1
î D srvvleoh lqlwldol}dwlrq ri edfn?wwlqj lv jlyhq e| sxwwlqj h6f ' f/ h6ì ' e6ì dqg h6ì ' e6ì iru
ì ' c é é é c _1
î Qrwh wkdw wkh hvwlpdwhv e6ì dqg e6ì kdyh wr eh fdofxodwhg rqo| dw wkh ehjlqqlqj dqg kdyh qrw
wr eh xsgdwhg lq hdfk edfn?wwlqj lwhudwlrq1
î Iru dq lpsohphqwdwlrq ri edfn?wwlqj/ doo hvwlpdwhv ^l1h1/ e6ì/ e6ì/ ò6ì/ ò6ì/ h6ì/ h6ì/ eVì dqg eVìcìâ `
kdyh wr eh fdofxodwhg rq d julg dqg wkh lqwhjudov lq +74, dqg +75, kdyh wr eh uhsodfhg e|
dyhudjhv1 Lw vkrxog eh hpskdvl}hg wkdw wkh julg qhhg qrw frlqflgh zlwk wkh vhw ri ghvljq srlqwv1
Lq sduwlfxodu/ iru odujh gdwd vhwv lw pd| qrw eh qhfhvvdu| ru ghvludeoh wkdw lw frqwdlqv wkh vdph
qxpehu ri srlqwv1
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714 Dv|pswrwlfv iru Orfdo Sro|qrpldov
Zh glvfxvv qrz dv|pswrwlfv iru wkh edfn?wwlqj orfdo sro|qrpldov hvwlpdwh1 Dv iru Qdgdud|d0Zdwvrq
vprrwklqj/ wklv zloo eh grqh lq d jhqhudo vhw xs1 Zh dvvxph wkdw vrph hvwlpdwhv e6ì/ e6ì/ eVì dqgeVìcìâ ^ìc ìâ ' c é é é c _` duh jlyhq dqg wkdw h6fcì/ h6ì dqg h6ì ^ì ' c é é é c _` duh gh?qhg e| +77, 0 +7:,1
Lq sduwlfxodu/ zh zloo qrw dvvxph wkdw Ee6ìc e6ìä lv d rqh glphqvlrqdo orfdo olqhdu ?w dqg wkdw eVì dqgeVìcìâ duh prwlydwhg e| orfdo olqhdu vprrwklqj1 Ixuwkhupruh/ zh zloo qrw pdnh dq| dvvxpswlrqv rq
wkh vwrfkdvwlf qdwxuh ri wkh vdpsoh1







RE%ä _%3Eæc&ä iru æ 9' &
dqg d srvlwlyh gh?qlwh E_näû E_nä +ghwhuplqlvwlf, pdwul{ ` zlwk hohphqwv `ocr G f é oc rcé _1












Zh vxssrvh wkdw `fcf ' 1




+D5â, Iru doo æ 9' &c lw krogv wkdw ] % eT æfcfE%æäý RæE%æä
RæE%æä
&2
RæE%æä_%æ ' Jå Eäc





R&E%&äRæE%æä_%æ_%& ' Jå Eäc] kfæE%æä3e5&cæE%&c %æäýæE%æä35&cæE%&c %æäl2
ocr
R&E%&ä
3RæE%æä_%æ_%& ' Jå Eäé
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iru oc r ' c 21 Khuh dé é éoocr ghqrwhv wkh Eoc rä hohphqw ri d pdwul{ dé é éo1 Ixuwkhupruh/ fæ
ydqlvkhv rxwvlgh wkh vxssruw ri Ræ/ e5æc& ydqlvkhv rxwvlgh wkh vxssruw ri Ræc&/ dqg e5æc&E%æc %&äA 'e5&cæE%&c %æä1
+D6â, Wkhuh h{lvwv d frqvwdqw ä vxfk wkdw zlwk suredelolw| whqglqj wr rqh iru doo æ] e6æE%æä2RæE%æä_%æ é ä
dqg ] e6æE%æä2RæE%æä_%æ é äé
+D7â, Iru vrph ?qlwh lqwhuydov 7æ ã U wkdw duh frqwdlqhg lq wkh vxssruw ri Ræ d é æ é _o zh vxssrvh




wudfhde5&cæE%&c %æäfæE%æä32e5&cæE%&c %æäoR&E%&ä3_%& é äé
Zh ghfrpsrvh wkh vprrwkhuv e6æ dqg e6æ dv e6æ ' e6øæ n e6îæ dqg e6æ ' e6æcø n e6æcî1 Iru r ' ø
dqg r ' î zh gh?qh h6rfcæ/ h6ræ dqg h6æcr dv wkh vroxwlrq ri wkh iroorzlqj htxdwlrqv








] e5ìcæE%ìc %æä# h6rìE%ìäh6ìcrE%ìä
$
_%ìé
+84,] h6ræE%æäeT æfcfE%æä_%æ ' fé +85,
H{lvwhqfh dqg xqltxhqhvv ri h6øæ /h6îæ /h6æcø dqg h6æcî lv vwdwhg lq wkh qh{w wkhruhp1 Qrwh wkdw Eh6ræ c h6æcrä
lv gh?qhg dv Eh6æc h6æä lq htxdwlrqv +77, dqg +78, zlwk Ee6æc e6æä uhsodfhg e| Ee6ræc e6æcrä1
+D8â, Wkhuh h{lvwv d frqvwdqw ä vxfk wkdw zlwk suredelolw| whqglqj wr rqh iru doo æ] e6ræE%æä2RæE%æä_%æ é äc r ' øcî
dqg ] e6æcrE%æä2RæE%æä_%æ é äc r ' øcîé
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Lq wkh dssolfdwlrqv ri rxu uhvxowv zh zloo sxw Ee6øæ c e6æcøä dv wkh vwrfkdvwlf sduw dqg Ee6îæ c e6æcîä
dv wkh h{shfwdwlrq sduw ri Ee6æ c e6æä +ru lq fdvh ri d udqgrp ghvljq/ dv wkh frqglwlrqdo h{shfwdwlrq
ri Ee6æc e6æä jlyhq wkh ghvljq1, Lq sduwlfxodu/ lq wkh fdvh ri orfdo olqhdu vprrwklqj ri l1l1g1 wxsohv
Ef ðc t ðä zlwk t ð ' 6Ef ðän 0ð zkhuh 0ð lv phdq }hur/ Ee6øæ c e6æcøä lv wkh orfdo olqhdu ?w wr Ef ðæ c 0ðä dqg
Ee6îæ c e6æcîä lv wkh orfdo olqhdu ?w wr Ef ðæc6Ef ðää1









' Jå E{?ä cððððð





' Jå E{?ä c
zkhuh n é é é n2 ghqrwhv wkh O2 qrup lq U2 dqg zkhuh iru ixqfwlrqv } G U :ý$ U2 zh gh?qh
n}n2&c2 '
U
}EüäA&Eüä}Eüä _ü1 Wkh vhwv 7& kdyh ehhq lqwurgxfhg lq +D7â,1
Iru wkh h{shfwdwlrq whup h6îæ zh vxssrvh lq wkh iroorzlqj dvvxpswlrq wkdw lw vwdelol}hv dv|ps0
wrwlfdoo| durxqg d qrqudqgrp whup1 Ehorz zh zloo jlyh dvvxpswlrqv rq Ee6îæ c e6æcîä wkdw duh hdvlhu
wr fkhfn dqg wkdw zloo lpso| wkh frqglwlrq rq h6îæ 1
+D:â, Zh vxssrvh wkdw wkhuh h{lvw ghwhuplqlvwlf ixqfwlrqv >?cæEüä vxfk wkdw
týT
%æM7æ
ññ h6îæ E%æäý >?cæE%æäññ c
zkhuh wkh vhwv 7æ kdyh ehhq lqwurgxfhg lq Dvvxpswlrq +D7â,1
Zh uhpdun djdlq wkdw wkhvh frqglwlrqv duh doo vwudljkwiruzdug wr yhuli|/ h{fhsw shukdsv D:â1
Qrwh wkdw zh vkdoo qrw uhtxluh eVE%ä wr frqyhujh lq suredelolw| wr `RE%äc ehfdxvh wklv zrxog eh
d>hfwhg e| wkh fxuvh ri glphqvlrqdolw| ý d qhfhvvdu| frqglwlrq zrxog eh wkdw ?û_ $ 4 iru nhuqho
vprrwklqj/ zklfk uxohv rxw wkh rqh0glphqvlrqdo frqyhujhqfh udwh zkhq _ : e1
Zh vwdwh qrz uhvxowv wkdw duh vlplodu wr wkh rqhv iru Qdgdud|d0Zdwvrq vprrwklqj lq Vhfwlrq 61
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Wkhruhp 4â ^Frqyhujhqfh ri edfnilwwlqj`1 Vxssrvh wkdw frqglwlrqv D4 â0D6 â krog1 Wkhq/
zlwk suredelolw| whqglqj wr rqh/ wkhuh h{lvwv d vroxwlrq ^ h6fcì/ h6ì/ h6ì G ì ' c é é é c _` ri +77, 0 +7:,
wkdw lv xqltxh1 Ixuwkhupruh/ wkhuh h{lvw frqvwdqwv f ÷ ò ÷  dqg S : f vxfk wkdw/ zlwk suredelolw|
whqglqj wr rqh/ wkh iroorzlqj lqhtxdolw| krogv] kh6dooæ E%æäý h6æE%æäl2 RæE%æä_%æ é Sò2oKc] ûh6æcdooE%æäý h6æE%æäú2 RæE%æä_%æ é Sò2oKc
zkhuh
K '  n
_[
ì'
] kh6dfoì E%ìäl2 RìE%ìä_%ì n ] ûh6ìcdfoE%ìäú2 RìE%ìä_%ìé
Khuh/ iru o ' f wkh ixqfwlrqv h6dfofcì/ h6dfoì dqg h6ìcdfo duh wkh vwduwlqj ydoxhv ri wkh edfn?wwlqj dojrulwkp1
Iru o : f wkh ixqfwlrqv h6dooì dqg h6ìcdoo duh gh?qhg e| +7<, dqg +83,1
Ixuwkhupruh/ surylghg D8 â krogv dovr/ iru r ' ø dqg r ' î/ zlwk suredelolw| whqglqj wr rqh/ wkhuh
h{lvwv d vroxwlrq ^h6rf/ h6ræ dqg h6æcr G æ ' c é é é c _` ri +84, 0 +85, wkdw lv xqltxh1
Mxvw dv Wkhruhp 5 vwdwhg iru Qdgdud|d0Zdwvrq vprrwklqj/ wkh vwrfkdvwlf sduw ri wkh edfn?wwlqj
hvwlpdwh frlqflghv djdlq zlwk d rqh0glphqvlrqdo orfdo olqhdu ?w1 Wklv lv vwdwhg lq wkh iroorzlqj
wkhruhp1 Xqghu frqglwlrqv dqdorjrxv wr +8<, zh jhw wkh iroorzlqj uhvxow1
Wkhruhp 5â1 Vxssrvh wkdw frqglwlrqv D4 â 0 D9 â krog iru d vhtxhqfh {? dqg lqwhuydov 7æ + é
æ é ?1 Wkhq/ lw krogv wkdw
týT
%æM7æ
ññ h6øæ E%æäý ûe6øæ E%æäý h6øfcæúññ ' Jå E{?äé
Lq dgglwlrq/ li ø.â krogv/ rqh jhwv
týT
%æM7æ
ññ h6æE%æäý û e6øæ E%æäý h6øfcæ n >?cæE%æäúññ ' Jå E{?äé +86,
Zh vkrz qrz krz wkh dv|pswrwlf h{shfwdwlrq >?cæE%æä fdq eh fdofxodwhg1 Wklv fdq eh grqh e| d
pruh gluhfw dujxphqw dv iru Qdgdud|d0Zdwvrq vprrwklqj1 Zh xvh wkh iroorzlqj dvvxpswlrqv1
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+D;â, Vxssrvh wkdw iru doo æ 9' &
týT
%æM7æ
] ññññkfæE%æä3e5&cæE%&c %æäý3æ E%æä5&cæE%&c %æäl
ocr
ññññ R&E%&ä_%& ' Jå Eäé
iru oc r ' c 21
+D<â, Wkhuh h{lvwv ghwhuplqlvwlf ixqfwlrqv k?cE%äc é é é c k?c_E%_äc k?E%äc é é é c k
_
?E%_äc frqvwdqwv k?cf/






k?cæEüäeT æfcfEüä _ü ' ò?cæ n Jå E{?äc
týT
%æM7æ
ññ e6îæ E%æäý e>?cf ý e>?cæE%æäññ ' Jå E{?äc] ññ e6îæ E%æäý e>?cf ý e>?cæE%æäññ2 RæE%æä_%æ ' Jå E{2?äc
týT
%æM7æ
ññ e6æcîE%æäý e>f? ý e>æ?E%æäññ ' Jå E{?äc] ññ e6æcîE%æäý e>æ?E%æäññ2 RæE%æä_%æ ' Jå E{2?äc














Wkhruhp 6â1 Vxssrvh wkdw frqglwlrqv D4 â0D9 â/ D; â/ D< â krog1 Wkhq
týT
%æM7æ
ññ h6îæ E%æäý >?cæE%æäññ ' Jå E{?äc
týT
%æM7æ
ññ h6æcîE%æäý >æ?E%æäññ ' Jå E{?äc
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zkhuh >?cæE%æä ' k?cæE%æäý ò?cæ dqg >æ?E%æä ' kæ?E%æä 1 Lq sduwlfxodu/ D: â krogv zlwk wklv fkrlfh ri
>?cæE%æä1
Iurp Wkhruhpv 5â dqg 6â zh jhw wkh dv|pswrwlf ehkdylrxu ri wkh edfn?wwlqj hvwlpdwhv gh?qhg lq
+77, 0 +7:,1 Lw wxuqv rxw wkdw iru wkh orfdo olqhdu hvwlpdwru lwvhoi/ wkh frqglwlrqv krog zlwk {? ' û2/





ü2gEüä_ü dqg kæ?E%æä ' û6
â
æE%æä1 Zh uhpdun wkdw xqghu vwurqj
frqglwlrqv ^wkdw zh gr qrw dsso| khuh`
S_
æ' k?cæE%æäý6E%ä lv wkh dv|pswrwlf eldv ri d ixoo glphqvlrqdo
orfdo olqhdu hvwlpdwh1
8 Yhul?fdwlrq ri Frqglwlrqv
Zh qrz surylgh vx!flhqw frqglwlrqv iru D40D9/ D;/ D< wr krog lq d wlph vhulhv vhwwlqj iru wkh
Qdgdud|d0Zdwvrq vprrwkhu1 Zh vxssrvh wkdw it ðc f ðj"ð' lv d mrlqwo| vwdwlrqdu| surfhvv1 Wklv
lqfoxghv dxwruhjuhvvlrq/ zkhuh f ð ' Et ð3c é é é c t ð3_äâ/ dqg uhjxodu furvv0vhfwlrqdo uhjuhvvlrq zkhuh
f ð lv ri glphqvlrqv _ dqg wkh mrlqw surfhvv lv l1l1g1/ dv vshfldo fdvhv1 Ohw IK@ eh wkh j0dojheud ri
hyhqwv jhqhudwhg e| wkh udqgrp yduldeohv it ðc f ð( @ é æ é Kj1 Wkh vwdwlrqdu| surfhvvhv it ðc f ðj
duh fdoohg vwurqjo| pl{lqj ^Urvhqeodww +4<89,` li
týT
øM5f3"cîM5"&
må Eø _îäý å Eøäå Eîäm ì kE&ä$ f dv & $4é
Zh dvvxph wkdw wkh dgglwlyh prgho krogv/ l1h1/
.dt mf ' %o ' 6f n6E%ä n é é én6_E%_ä +87,
iru % lq d frpsdfw vhw +dfc o_/ vd|,1 Iru lghqwl?delolw| zh vxssrvh wkdw .6æEfæäEfæ 5 dfc oä ' f1
Ohw ù eh wkh qxpehu ri srlqwv f ð wkdw olh lq dfc o_1 Zh gh?qh
e6æE%æä ' ù3 ?[
ð'
Efð 5 dfc o_ägûE%æ c fðæät ð %eRæE%æä c +88,
eRæE%æä ' ù3 ?[
ð'
Efð 5 dfc o_ägûE%æ c fðæäc +89,
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eRæc&E%æ c %&ä ' ù3 ?[
ð'
Efð 5 dfc o_ägûE%æ c fðæägûE%&cf ð&äc +8:,
zkhuh qrz
gûEüc ñä ' Eüc ñ 5 dfc oä gûEüý ñäU 
f
gûEç ý ñä _ç
+8;,
zlwk/ djdlq/gûEüä ' û3gEû3üä1 Zh zloo vxssrvh wkdw wkh nhuqhog kdv frpsdfw vxssruw dýäc äo/
vhh E41 Iru wklv uhdvrq zh jhw wkdw gûEüc ñä ' gûEü ý ñä iru ñ 5 däûc  ý äûo ru iru ü 5
d2äûc ý2äûo1 VrgûEüc ñä gl>huv iurpgûEüýñä rqo| rq wkh erxqgdu|1 Wklv erxqgdu| prgl?fdwlrq
ri wkh nhuqho zloo eh qhhghg iru wkh yhul?fdwlrq ri Dvvxpswlrq D<1 Doo rwkhu dvvxpswlrqv fdq eh
yhul?hg iru wkh xqprgl?hg nhuqho gûEü ý ñä1 Dvvxpswlrq D< zdv qhhghg wr jhw dq dv|pswrwlf
h{sdqvlrq iru wkh eldv ri h6æ/ vhh Wkhruhp 61 Wkh qruplqj +8;, jlyhv wkdw U f gûEüc ñä _ü ' 1
Wkhuhiruh zh kdyh wkdw
U 
f
eRæc&E%æc %&ä _%& ' eRæE%æä dqg U f eRæE%æä _%æ ' 1 Ehfdxvh ri wkhvh surshuwlhvh6æ lv gh?qhg e| +45,1
Iru vlpsolflw| ri qrwdwlrq/ djdlq zh dvvxph wkdw wkh nhuqhov dqg wkh edqgzlgwkv gr qrw ghshqg
rq æ1
+E4, Wkh nhuqho g lv erxqghg/ kdv frpsdfw vxssruw+ dýäc äo/ vd|,/ lv v|pphwulf derxw }hur/ dqg lv
Olsvfklw} frqwlqxrxv/ l1h1/ wkhuh h{lvwv d srvlwlyh ?qlwh frqvwdqw ä2 vxfk wkdw mgEüäýgEñäm é
ä2 müý ñm é
+E5, Wkh ghqvlw| ^f ri f ð dqg wkh ghqvlwlhv ^fcì ri Ef ðc fðnìäc ì ' c é é é c duh xqlirupo| erxqghg1
Ixuwkhupruh/ ^f lv erxqghg dzd| iurp }hur rq ^3/4`1
+E6, Iru vrph w : 2c .Emt mwä ÷4é Ohw j2æE%æä ' ñ@hdt ý6Efämfæ ' %æoé
+E7, Wkh ixqfwlrq 6ââ h{lvwv dqg lv Olsvfklw} frqwlqxrxv1 Wkh ghulydwlyh ^âf h{lvwv dqg lv frqwlqx0
rxv1
+E8, Wkh frqglwlrqdo ghqvlwlhv sft E%m+ä ri f jlyhq t dqg sfðcfðnìt ðct ðnìE%fc %ìm+fc +ìä ri Ef ðc f ðnìä
jlyhq Et ðc t ðnìäc ì ' c é é é c h{lvw dqg duh erxqghg iurp deryh1
5:
+E9, Wkh surfhvv it ðcf ðj lv vwurqjo| pl{lqj zlwk S"ð' ð@ ikEðäj32*D ÷4 iru vrph 2 ÷ D é w dqg
@ : ý 2*Dé
+E:, Wkh vwurqj pl{lqj frh!flhqwv vdwlvi|
S"
æ' )Eæ( Sä ÷ 4 dqg
S"
æ' úEæ( Sä ÷ 4 iru S ' c 2c
zkhuh= )E?( Sä ' E?uE?ä %oE?ää E?A 2? %û
S *L} ?ä
*e
k ioE?äj zlwk oE?ä ' E?ûS %A? *L} ?ä*2
dqg uE?ä ' E?A 2? %û
Sn2 *L} ?ä
S*2 zlwk A? '
õ
? *L} ?E*L} *L} ?änB
ô*w
iru vrph  : B : f/ zkloh
úE?( Sä ' E?u2E?ä %o2E?ää E? %û
S *L}?ä*e k io2E?äj zlwk o2E?ä ' E?ûS %*L} ?ä*2 dqg u2E?ä '
E? %ûSn2 *L}?ä
S*21
Wkhvh frqglwlrqv duh voljkw prgl?fdwlrqv ri dvvxpswlrqv xvhg lq Pdvu| +4<<9d/e,1 Zh zloo xvh
uhvxowv ri wkhvh sdshuv wr dfklhyh wkh pdlq uhvxowv ri wklv vhfwlrq1 Zh frqmhfwxuh wkdw d gluhfw surri
zrunv xqghu zhdnhu frqglwlrqv1
Zkhq Et ðc fðä duh l1l1g1/ zh fdq glvshqvh zlwk E80E:/ dqg uhsodfh E50E7 e|
+E5âä Wkh _0glphqvlrqdo yhfwru f kdv frpsdfw vxssruw dfc o_ dqg lwv ghqvlw| ^f lv erxqghg dzd|
iurp }hur dqg lq?qlw| rq dfc o_1
+E6âä Iru vrph w : D*2c .Emt mwä ÷4é Ohw j2æE%æä ' ñ@hdt ý6Efämfæ ' %æ oé
+E7âä Wkh ixqfwlrq 6ââ h{lvwv dqg lv frqwlqxrxv1 Wkh ghulydwlyh ^âf h{lvwv dqg lv frqwlqxrxv1
Frqglwlrq E6â hqvxuhv wkdw týT$ð$? mtðm ' Jå E?2*Däé Wkh iroorzlqj wkhruhp frxog dovr eh vwdwhg
iru wkh fdvh ri d vwdwlrqdu| vhtxhqfh Et ðc fðä zkhuh f ð kdv frpsdfw vxssruw1
Wkhruhp 71 Vxssrvh wkdw wkh prgho +87, dssolhv dqg wkdw frqglwlrqv E40E: krog/ ru E4/E5â/E6â/
dqg E7â krog lq wkh l1l1g1 fdvh/ dqg wkdw Qdgdud|d Zdwvrq edfn?wwlqj vprrwklqj lv xvhg/ l1h1/ e6æ/eRæ dqg eRæc& duh gh?qhg dffruglqj wr +88, 0 +8:, dqg h6æ lv gh?qhg e| +45,1 Vxssrvh dgglwlrqdoo| wkdw
?
*D
f û$ Sû iru d frqvwdqw Sû zlwk ?f ' .ù ' ?å Ef 5 dfc o_ä1 Wkhq/ iru forvhg vxevhwv 7c é é é c 7_ ri







gûE%æ c ñä _ñ
ú3
/ ò?cæ ' f/ RE%ä ' ^fE%äE% 5 dfc o_ä*å Ef 5
5;
dfc o_ä/ dqg zlwk e6øæ E%æä ' ù3S?ð'gûE%æc f ðæäEt ðý.dt ðmf ðoä %eRæE%æä1 Lq sduwlfxodu/ wkh xqlirup




















1 1 1 f
f ü ü ü f ñ_E%_ä
6:::::8
4FFFFFD c



















Lw lv looxplqdwlqj wr uhodwh wkh hvwlpdwh h6æ wr wkh fruuhvsrqglqj lqihdvleoh hvwlpdwh å6æ wkdw xvhv
wkh nqrzohgjh ri wkh rwkhu frpsrqhqwv 6, zlwk , 9' æé Vshfl?fdoo|/ ohw å6æE%æä eh wkh rqh0glphqvlrqdo


















c æ ' c é é é c _é +8<,
Xqghu vwdqgdug uhjxodulw| frqglwlrqv ^vhh h1j1/ Kçugoh +4<<4, iru wkh l1l1g1 fdvh`/
?
2*D




c æ ' c é é é c _c +93,
zkhuh åKæE%æä ' S2ûi6âæE%æäRâæE%æä*RæE%æä n E*2ä6ââæ E%æäj
U
ü2gEüä_ü dqg åñæE%æä ' ñæE%æäé Gh?qh dovr









ð 5 dfc o_äc +94,
zklfk kdv wkh vdph dv|pswrwlf yduldqfh dv å6æE%æä exw eldv åKSæE%ä ' åKæE%äý
U
åKæE%äRæE%æä_%æ é Ehfdxvh
lq wkh frqvwuxfwlrq ri å6Sæ nqrzohgjh ri wkh rwkhu frpsrqhqwv lv xvhg wklv hvwlpdwh jlyhv d wdujhw wkdw
5<
zh pd| qrw h{shfw wr ehdw e| xvlqj h6æ1 Zh vhh wkdw h6æ dqg wkh wkhruhwlfdo wdujhw hvwlpdwh å6Sæ kdyh
wkh vdph dv|pswrwlf yduldqfh/ zkhuhdv wkh| gl>hu lq wkhlu dv|pswrwlf eldv1 Zh zloo vhh ehorz wkdw
edfn?wwlqj hvwlpdwhv edvhg rq orfdo olqhdu zloo kdyh wkh vdph dv|pswrwlf eldv dqg yduldqfh dv wkhlu
wdujhw hvwlpdwh1 Wkh edvlf uhdvrq lv wkdw wkh ixqfwlrq qE%ä lv qrw dgglwlyh zkhuhdv wkh fruuhvsrqglqj
ixqfwlrq lq wkh orfdo olqhdu fdvh lv1 Uhfdoo wkdw qE%ä fruuhvsrqgv wr wkh dv|pswrwlf eldv ri wkh ixoo
glphqvlrqdo hvwlpdwh e6E%ä dqg wkdw lw lv zhoo nqrzq wkdw iru wkh Qdgdud|d Zdwvrq hvwlpdwh wkh
dv|pswrwlf eldv ghshqgv rq wkh ghvljq ghqvlw| R zkhuhdv iru wkh orfdo olqhdu hvwlpdwh lw grhv qrw1













f ðæ ý %æ
ú $t ð +95,
zkhuh gûEüc ñä lv gh?qhg dv lq +8;, dqg zkhuh































Ef ð 5 dfc o_ägûE%æc f ðæägûE%ìc f ðìä#
 û3 dfðì ý %ìo
û3
û






df ðì ý %ìo
$
é +97,
Zh jhw qrz rxu uhvxow iru wklv yhuvlrq ri wkh edfn?wwlqj orfdo olqhdu hvwlpdwh1 Qrz/ wkh dv|pswrwlf
eldv lv h{solflwo| jlyhq dqg lwv irupxod grhv qrw uhtxluh d surmhfwlrq vwhs1
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Wkhruhp 7â1 Vxssrvh wkdw wkh prgho +87, dssolhv dqg wkdw frqglwlrqv E40E: krog/ ru E4/E5*/E6*/
dqg E7* krog lq wkh l1l1g1 fdvh/ dqg wkdw Orfdo Olqhdu edfn?wwlqj vprrwklqj lv xvhg/ l1h1/ e6æE%æä/e6æE%æä/ fæE%æä dqg e5ìcæ duh gh?qhg dffruglqj wr +95,0+97, dqg h6fcæ/h6æ dqg h6æ duh gh?qhg e|
+77,/+78,1 Vxssrvh dgglwlrqdoo| wkdw ?*Df û$ Sû iru d frqvwdqw Sû zlwk ?f ' .ù ' ?å Ef 5 dfc o_ä1






















ú $ Et ð ý.dt ðmfðoäc


















6æE%æägûE%æ c üäRæEüä _ü _%æ é
Lq sduwlfxodu/ wkh xqlirup h{sdqvlrq +86, krogv dqg wkh iroorzlqj frqyhujhqfh krogv lq glvwulexwlrq
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dqg zkhuh ñæE%æä ' S3û Sg j
2

















Lq wklv fdvh/ wkh eldv ixqfwlrqv frlqflgh zlwk wkh eldvhv åKSæE%æä ri wkh fhqwuhg rudfoh hvwlpdwh å6
S
æE%æä
iru æ ' c é é é c _é Vr/ lq wklv fdvh/ wkh dv|pswrwlf eldv dqg wkh dv|pswrwlf yduldqfh duh lghqwlfdo wr wkh
eldv dqg yduldqfh ri wkh fhqwuhg rudfoh hvwlpdwru ^edvhg dovr rq orfdo olqhdu hvwlpdwlrq`1 Wkdw phdqv
rxu hvwlpdwh dfklhyhv wkh vdph ?uvw rughu dv|pswrwlfv dv li wkh rwkhu frpsrqhqwv zhuh nqrzq1 Lq
sduwlfxodu/ rxu hvwlpdwh lv ghvljq dgdswlyh1 Wklv lv lq frqwudvw wr Rsvrphu dqg Uxsshuw +4<<:, zkr
sursrvh d edfn?wwlqj hvwlpdwh/ edvhg rq wkh orfdo olqhdu vprrwkhu/ wkdw kdv ghvljq ghshqghqw eldv1
Ilqdoo|/ wkh yduldqfh j2æE%æä fdq eh frqvlvwhqwo| hvwlpdwhg iurp wkh uhvlgxdov h0ð ' t ð ý h6Ef ðäc





Wkh surriv zloo pdnh xvh ri Ohppdv 407 zklfk zh jlyh ehorz1 Ehiruh zh frph wr wklv ohw xv froohfw
vrph idfwv derxw lwhudwlyh surmhfwlrqv1 Gh?qh wkh iroorzlqj vsdfhv ri dgglwlyh ixqfwlrqv
K ' i6 5 O2ERä G 6E%ä ' 6E%ä n é é én6_E%_ä ER d1v1, iru vrph ixqfwlrqv 6 5 O2ERäc é é é c
6_ 5 O2ER_äjc
Kf ' i6 5 K G 6E%ä ' 6E%ä n é é én6_E%_ä ER d1v1,c
]
6E%äRE%ä_% ' fjc
Kfc? ' i6 5 K G 6E%ä ' 6E%ä n é é én6_E%_ä ER d1v1,c
]
6æE%æäeRæE%æä_%æ ' f iru æ ' c é é é c _jc
Kæ ' i6 5 Kf G 6E%ä ' 6æE%æä ER d1v1, iru d ixqfwlrq 6æ 5 O2ERæäjc
K?æ ' i6 5 Kfc? G 6E%ä ' 6æE%æä ER d1v1, iru d ixqfwlrq 6æ 5 O2ERæäjé
Wkh qrup lq wkh vsdfh K lv ghqrwhg e| n6n22 '
U
62E%äRE%ä_% iru 6 5 K1 Iru 6 5 Kæ zh jhw




62æE%æäRæE%æä_%æ1 Khuh dqg lq wkh
iroorzlqj/ iru vlpsolflw| ri qrwdwlrq zh lghqwli| ixqfwlrqv 6æ 5 Kæ +ru lq K?æ , wkdw pds U_ lqwr U
zlwk ixqfwlrqv 6æ G U :ý$ U e| sxwwlqj 6æE%æä ' 6æE%äé
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Wkh surmhfwlrq ri dq hohphqw ri K rqwr Kæ lv ghqrwhg e| áæ c l1h1/ áæ6E%ä ' . d6Efämfæ ' %æ oý
. d6Efäo1 Wkh rshudwru [æ ' U ý áæ jlyhv wkh surmhfwlrq rqwr wkh olqhdu vsdfh
Kzæ ' i6 5 K G
]
6E%äèE%æäRE%ä_% ' f iru doo è 5 Kæj





Iru 6E%ä ' 6E%ä n é é én6_E%_ä 5 K zh jhw
[æ6E%ä ' 6E%äý. d6Efämfæ ' %æo n . d6Efäo














Iru 6 5 K wkh dgglwlyh frpsrqhqwv 6c é é é c6_ duh rqo| xqltxh xs wr dq dgglwlyh frqvwdqw1 Qrwh
krzhyhu wkdw wkh ydoxh ri [æ6 grhv qrw ghshqg rq wkh vshfldo fkrlfh ri 6c é é é c6_1
Iru ixqfwlrqv 6 5 Kfc? zlwk 6E%ä ' 6E% n é é én6_E%_ä/ 6æ 5 K?æ zh gh?qh wkh rshudwru e[æ





éeRæ&E%æc %&äeRæE%æä ý eR&cdænoE%&ä
è
_%&c +9:,








Sxw A ' [_ ü ü ü[ dqg eA ' e[_ ü ü ü e[1 Zh zloo vhh ehorz wkdw lq rxu vhw xs wkh edfn?wwlqj
dojrulwkp lv edvhg rq lwhudwlyh dssolfdwlrqv ri eA 1 D fhqwudo wrro iru xqghuvwdqglqj edfn?wwlqj zloo eh
jlyhq e| wkh qh{w ohppd wkdw ghvfulehv lwhudwlyh dssolfdwlrqv ri A 1 Iru olqhdu rshudwruv 7 G K :ý$ K
zh gh?qh
n7n ' týTin7sn2 G s 5 Kc nsn2 é jc
n7nf ' týTin7sn2 G s 5 Kfc nsn2 é jc
n7nfc? ' týTin7sn2 G s 5 Kfc?c nsn2 é jé
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Ohppd 4 ^qrup ri wkh rshudwru A `1 Vxssrvh wkdw frqglwlrq D4 krogv1 Wkhq A G K :ý$
O2ERä lv d srvlwlyh vhoi dgmrlqw rshudwru zlwk rshudwru qrup nAnf ÷ 1 Khqfh/ iru hyhu| 6 5 Kf zh
jhw
nA o6n2 é nAnofn6n2é +9<,
Ixuwkhupruh/ iru hyhu| 6 5 Kf wkhuh h{lvw 6æ 5 Kæ E é æ é _ä vxfk wkdw 6Eüä ' 6Eüä n é é é n
6_Eü_ä +R d1v1, dqg iru vrph frqvwdqw S : f
n6n2 è S4@ in6n2c é é é c n6_n2j é +:3,
Surri ri Ohppd 41 Zh vwduw e| surylqj +9<,1 Lw lv nqrzq wkdw +9<, krogv zlwk nAn2f é
 ýT_æ' tð?2Eô æä zkhuh ULt ô æ ' 4EKæcKæn n é é é n K_ä dqg zkhuh iru wzr vxevsdfhv u dqg u2
wkh txdqwlw| 4Euc u2ä lv wkh frvlqh ri wkh plqlpdo dqjoh ehwzhhq u dqg u2/ l1h1/ 4Euc u2ä '
týTiU ûE%äû2E%ä RE%ä_% G ûæ 5 uæ_Eu_u2äzc nûæn2 é Eæ ' c 2äj1 Wklv uhvxow zdv vkrzq lq Vplwk/
Vrorprq/ dqg Zdjqhu +4<::,1 Iru d glvfxvvlrq/ vhh Ghxwvfk +4<;8, dqg Elfnho/ Noddvvhq/ Ulwry dqg
Zhooqhu +4<<6,/ Dsshqgl{ D171 Zh zloo vkrz qrz wkdw iru  é æ é _ wkh vxevsdfhvPæ ' Kné é énKæ
duh forvhg vxevhwv ri O2ERä1 Wklv lpsolhv wkdw 4EKæncPæä ÷  iru æ ' c é é é c _ý/ vhh djdlq Ghxwvfk
+4<;8,/ Ohppd 518 dqg Elfnho/ Noddvvhq/ Ulwry dqg Zhooqhu +4<<6,/ Dsshqgl{ D17/ Sursrvlwlrq 51
Wr suryh wkdwPæ lv forvhg zh zloo xvh wkh iroorzlqj wzr idfwv1 Iru wzr forvhg vxevsdfhv u dqg u2
ri O2ERä lw krogv wkdw u n u2 lv forvhg li dqg rqo| li wkhuh h{lvwv d frqvwdqw S : f vxfk wkdw iru doo
6 5 u n u2 wkhuh h{lvw 6 5 u dqg 62 5 u2 zlwk 6Eüä ' 6Eüä n62Eü2ä +R d1v1, dqg
n6n2 è S4@ dn6n2c n62n2oé +:4,
Ixuwkhupruh/ unu2 lv forvhg li wkh surmhfwlrq ri u2 rqwr u lv frpsdfw1 Iru wkh surri ri wkhvh wzr
vwdwhphqwv vhh Elfnho/ Noddvvhq/ Ulwry dqg Zhooqhu +4<<6,/ Dsshqgl{ D17/ Sursrvlwlrq 51 Vxssrvh
qrz wkdw lw kdv douhdg| ehhq suryhg iru æ é æJý  wkdwPæ lv forvhg dqg wkdw zh zdqw wr vkrz wkdw
PæJ lv forvhg1 Dv phqwlrqhg deryh/ iru wklv fodlp lw vx!fhv wr vkrz wkdw áæJ mPæJ3 lv frpsdfw1 Zh
uhpdun ?uvw wkdw +:4, lpsolhv wkdw iru hyhu| 6 5 PæJ3 wkhuh h{lvw 6æ 5 Kæ Eæ é æJ ý ä vxfk wkdw
6Eüä ' 6Eüä n é é én6æJ3EüæJ3ä +R d1v1, dqg zlwk d frqvwdqw S : f
n6n2 è S4@ dn6n2c é é é c n6æJ3n2oé +:5,
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Lqhtxdolw| +:6, lpsolhv frpsdfwqhvv ri áæJ mPæJ31 Wr vhh wklv rqh xvhv +D4, dqg dujxhv dv lq wkh
vwdqgdug surriv iru frpsdfwqhvv ri Kloehuw0Vfkplgw rshudwruv/ vhh h1j1/ H{dpsoh 61517 lq Edodnulvkqdq
+4<;4,1
Lw uhpdlqv wr vkrz +:6,1 Wklv iroorzv iurp +:5, zlwk dssolfdwlrqv ri wkh Fdxfk|0Vfkzdu} lqhtxdo0
lw|1
Htxdwlrq +:3, iroorzv dv +:5,1
Wkh qh{w ohppd h{whqgv wklv uhvxow wr wkh vwrfkdvwlf rshudwru eA é
Ohppd 5 ^qrup ri wkh rshudwru eA `1 Vxssrvh wkdw frqglwlrqv D40D5 krog1 Wkhq
ne[æ ý[ænfc? ' Jå Eäc +:7,
neA ý Anfc? ' Jå Eäé +:8,
Fkrrvh ò zlwk nAnf ÷ ò ÷ 1 Wkhq/ zlwk suredelolw| whqglqj wr rqh/
neAnfc? ÷ òé +:9,
Ixuwkhupruh/ iru vrph frqvwdqw S : f zlwk suredelolw| whqglqj wr rqh lw krogv wkdw iru hyhu| 6 5 Kfc?
n6n2 è S4@ in6n2c é é é c n6_n2j c +::,
zkhuh 6æ 5 K?æ E é æ é _ä zlwk 6Eüä ' 6Eüä n é é én6_Eü_ä +R d1v1,1
68
Surri ri Ohppd 51 Iru d ixqfwlrq 6 5 Kfc? zh jhw 6E%ä ' 6E%ä n é é é n 6_E%_ä zlwk
ixqfwlrqv 6æ 5 K?æ 1 Zh uhpdun ?uvw wkdw wkh glvwdqfh ehwzhhq 6Wæ dqg e6Wæ / vhh +99,0+9:, fdq eh
erxqghg zlwk
U
6&E%&äeR&E%&ä _%& ' f dqg zlwk wkh khos ri wkh Fdxfk|0Vfkzdu} lqhtxdolw| dv iroorzv1











































































Zlwk Aæ ' 4@ & õ'æ mLæ& n -æ&m n 4@ & m7&m wklv dqg htxdwlrq +:3, lpso| zlwk d frqvwdqw ä +qrw
ghshqglqj rq 6,
ne6Wæ ý6Wæn2 é än6n2Aæé
























wkhuhiruh -æ& ' Jå Eä dqg Aæ ' Jå Eä1 Wklv vkrzv +:7, dqg +:8,1 Fodlp +:9, iroorzv iurp +:8, dqg
nAnfc? ' nAnf n Jå Eäé +:;,










ns ý }n2 ' Jå Eäé +;3,
Iru wkh surri ri +:<, dqg +;3, qrwh h1j1/ wkdw iru 6æ 5 K?æ rqh kdv
m
]
6æE%æäRE%æä _%æm2 ' m
]
6æE%æädRæE%æäý eRæE%æäo _%æm2
é n6æn22ndRæ ý eRæo*Ræn22
' n6æn22Jå Eä
ehfdxvh ri D51 Vlploduo| rqh vkrzv +::,/ vhh dovr +:3,1
Rxu qh{w ohppd exlogv rq Ohppd 5 wr hvwdeolvk d vwrfkdvwlf h{sdqvlrq iru h6E%ä ' h6E%ä n
é é én h6_E%_ä lq whupv ri e6æ ^ é æ é _`1
Ohppd 6 ^vwrfkdvwlf h{sdqvlrq ri h6`1 Vxssrvh wkdw frqglwlrqv D40D6 krog1 Wkhq wkhuh
h{lvw frqvwdqwv f ÷ ò ÷  dqg f ÷ äcä â ÷4 vxfk wkdw zlwk suredelolw| whqglqj wr rqh/ wkh iroorzlqj
vwrfkdvwlf h{sdqvlrq krogv iru doo r è =
h6E%ä ' r[
o'f
eA oeô E%ä n-droE%äc
6:
zkhuh
eô E%ä ' e[_ ü ü ü e[2de6E%äý h6fco n é é én e[_de6_3E%äý h6fc_3o n e6_E%_äý h6fc_
dqg zkhuh -droE%ä ' -dro E%ä n é é én-
dro
_ E%_ä lv d ixqfwlrq lq Kfé? zlwk
n-droæ n2 é äòré +;4,
Xqghu wkh dgglwlrqdo dvvxpswlrq ri +D7, lw krogv wkdw
týT
%æM7æ
m-droæ E%æäm é ä âòré +;5,
Surri ri Ohppd 61 Zh uhpdun ?uvw wkdw +48, fdq eh uhzulwwhq dv
h6E%ä ' e[æ h6E%ä n e6æE%æäý h6fcæ é +;6,
Lwhudwlyh dssolfdwlrqv ri wklv htxdwlrq iru æ ' c é é é c _ jlyhv
h6E%ä ' eA h6E%ä n eô E%äé +;7,




Wkh rshudwru qrup neAnfc? lv vpdoohu wkdq ò/ zlwk suredelolw| whqglqj wr rqh/ iru ò ÷  odujh hqrxjk1
Wklv zdv vkrzq lq wkh odvw ohppd dqg lw vkrzv wkdw wkh lq?qlwh vhulhv h{sdqvlrq lq wkh odvw htxdwlrq
lv zhoo gh?qhg1 Ixuwkhupruh/ wklv fdq eh xvhg wr suryh wkdw iru ä : f odujh hqrxjk/ zlwk suredelolw|
whqglqj wr rqh/ n-dron2 é äòr1 Wklv lpsolhv fodlp +;4, ehfdxvh ri +::,1
Dvvxph qrz +D7,1 Iru wkh surri ri +;5, qrwh wkdw iru ä2 : f odujh hqrxjk zlwk suredelolw|
whqglqj wr rqh iru doo ixqfwlrqv } lq Kæ zlwk n}n2 é  lw krogv iru & 9' æ wkdw
týT
%&M7&
ññññ] eRæ&E%æ c %&äeR&E%&ä }E%æä_%æ





Htxdwlrq +;8, iroorzv iurp dvvxpswlrq +D7, e| dssolfdwlrq ri wkh Fdxfk| Vfkzdu} lqhtxdolw|=
týT
%&M7&
ññññ] eRæ&E%æc %&äeR&E%&ä }E%æä_%æ
ññññ ' týT
%&M7&









Iru wkh surri ri +;9, rqh dssolhv djdlq wkh Fdxfk| Vfkzdu} lqhtxdolw| dqg] eR2æ&E%æc %&äeR2&E%&äR2æE%æäR&E%&äRæE%æä _%æ _%& é äô +;:,
iru d frqvwdqw äô ^zlwk suredelolw| whqglqj wr rqh`1 Fodlp +;:, iroorzv iurp Dvvxpswlrqv +D4, dqg
+D5,1
Htxdwlrqv +;8, dqg +;9, lpso| wkdw iru äe : f odujh hqrxjk zlwk suredelolw| whqglqj wr rqh iru
doo ixqfwlrqv û lq K zlwk nûn é  lw krogv iru  é æ é _ wkdw
týT
%M7
meAûE%äm é äec +;;,




eA oeô E%ä ' eA-dr3oE%ä





Ohppd 7 ^ehkdylrxu ri wkh vwrfkdvwlf frpsrqhqw ri h6`1 Vxssrvh wkdw D4 0 D9 krog1
Wkhq zh kdyh wkdw
týT
%æM7æ
mh6øæ E%æäý e6øæ E%æä n h6øfcæm ' Jå E{?äé +;<,
6<
Surri ri Ohppd 71 Zh zloo vkrz Ohppd 7 iru æ ' 1 Surfhhglqj dv lq wkh odvw ohppd zh jhw





eôøE%ä ' e[_ ü ü ü e[2de6ø ý h6øfcoE%ä n é é én e[_de6ø_3 ý h6øfc_3oE%ä n e6ø_ E%_äý h6øfc_ch6øE%ä ' h6ø E%ä n é é én h6ø_ E%_äé






eA oeôøE%äñññññ ' Jå E{?äc +<3,
zkhuh dv deryh 7 ' i% G %æ 5 7æj1 Iru vhhlqj wklv qrwh wkdw +<3, lpsolhv wkdw
týT
%M7
ññ h6øE%äý eôøE%äññ ' Jå E{?äé +<4,
Rqo| wkh ?uvw vxppdqg ri eôøE%ä/ l1h1/ e[_ ü ü ü e[2 e6ø E%ä ghshqgv rq %1 Ixuwkhupruh/ wkh rshudwruve[2c é é é c e[_ gr qrw fkdqjh wkh dgglwlyh frpsrqhqw ri d ixqfwlrq wkdw ghshqgv rq %1 Wkhuhiruh eôøE%ä
lv ri wkh irup eôøE%ä ' e6ø E%äneôø3E%2c é é é c %_ä zkhuh eôø3 lv d ixqfwlrq wkdw grhv qrw ghshqg rq %1
Iru wklv uhdvrq wkh fodlp ri wkh ohppd iroorzv iru æ ' 1 ^Qrwh dovr wkdw
U eRE%äde6ø E%äý h6øfco _% 'U eRE%äh6ø E%ä _% ' fo1
Iru wkh surri ri +<3, qrwh ?uvw wkdw
neAeôøn2 ' Jå E{?äé +<5,
Wklv iroorzv iurp +54,/ neAnfc? é  dqg ne[ænfc? é  +zlwk suredelolw| whqglqj wr 4,/ vhh Ohppd 51




eA oeôøn2 ' Jå E{?äé +<6,
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eA oeôøE%äm ' Jå E{?äé
Vr iru fodlp +<3, lw uhpdlqv wr vkrz
týT
%M7
meAeôøE%äm ' Jå E{?äé
Wklv fdq eh grqh xvlqj +53,/ +54,/ ne[ænfc? é  +zlwk suredelolw| whqglqj wr 4,/ dqg +;;,1
Surri ri Wkhruhp 41 Iru wkh surri qrwh ?uvw wkdw e| gh?qlwlrq ri rxu edfn?wwlqj dojrulwkp/
vhh +4;, h6dooE%ä ' eA h6do3oE%ä n eôE%äé
Lwhudwlyh dssolfdwlrq ri wklv htxdwlrq jlyhv
h6dooE%ä ' o3[
r'f
eA reô E%ä n eA o h6dfoE%äé
Ehfdxvh ri Ohppd 6 wklv vkrzv
h6dooE%äý h6E%ä ' ý "[
r'o
eA reôE%ä n eA o h6dfoE%äé
Ehfdxvh ri +D6, dqg ne[æn ' n[æn n Jå Eä '  n Jå Eä/ zh kdyh iru d frqvwdqw ä â wkdw neôn2 é ä â
zlwk suredelolw| whqglqj wr rqh1 Vr zlwk Ohppd 5 zh jhw wkdw
nh6doo ý h6n2 é é ä â
ý ò n nh6dfon2
è
òo
zlwk suredelolw| whqglqj wr rqh1 Fodlp +55, iroorzv qrz e| dssolfdwlrq ri +:3,1 Iru wkh surri ri
h{lvwhqfh dqg xqltxhqhvv ri h6øæ dqg h6îæ rqh surfhhgv vlploduo|1
Surri ri Wkhruhp 51 Wkhruhp 5 iroorzv iurp Ohppd 71
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Surri ri Wkhruhp 61 Zh sxw iru  é æ é _




éeRæ&E%æ c %&äeRæE%æä ý eR&cdænoE%&ä
è
_%&c
e6îc2æ E%æä ' {? ] qE%ä RE%äRæE%æä _%3æc





Iru o ' c é é é c ô( æ ' c é é é c _ zh gh?qh qrz h6îcoæ e|
h6îcofcæ ' U e6îcoæ E%æäeRæE%æä _%æU eRæE%æä _%æ c
h6îcoæ E%æä ' e6îcoæ E%æäý[
& õ'æ
] h6îco& E%&ä éeRæ&E%æ c %&äeRæE%æä ý eR&cdænoE%&ä
è
_%& ý h6îcofcæ é +<7,
E| wkhvh htxdwlrqv wkh txdqwlwlhv h6îcoæ duh xqltxho| gh?qhg1 Wklv kdv ehhq vkrzq lq Wkhruhp 41
Qrwh wkdw h6îæ E%æä ' h6îcæ E%æä n h6îc2æ E%æä n h6îcôæ E%æä1 Zh zloo vkrz
h6îcæ E%æä ' 7k?cæE%æäc +<8,
týT
%æM7æ
ñññ h6îc2æ E%æäý{?qæE%æäñññ ' Jå E{?äc +<9,
týT
%æM7æ
ñññ h6îcôæ E%æäñññ ' Jå E{?äé +<:,
Wkhvh fodlpv lpso| wkh vwdwhphqw ri wkh wkhruhp1 Iru wkh surri ri +<8, qrwh wkdw h6îcfcæ ' f dqg wkdwh6îcæ E%æä ' 7k?cæE%æä vroyhv wkh htxdwlrq +<7,1 Wklv vkrzv +<8,1






eôîcoE%ä ' e[_ ü ü ü e[2de6îco ý h6îcofc oE%ä n é é én e[_de6îco_3 ý h6îcofc_3oE%ä n e6îco_ E%_äý h6îcofc_ é







ñññññ ' Jå E{?äc +<;,
zkhuh
ôîc2E%ä ' [_ ü ü ü[2de6îc2 ý 76îc2f oE%ä n é é én[_de6îc2_3 ý 76îc2f oE%ä n e6îc2_ E%_äý 76îc2f c
76îc2f ' {?
]
qE%äRE%ä _% ' h6îc2fcæ n Jå E{?äé
E| wkh vdph dujxphqwv dv lq wkh ehjlqqlqj ri wkh surri ri Ohppd 6 +zlwk eA uhsodfhg e| A , rqh fdq
vhh wkdw






















A ý eAl eA &33,eôîc2E%ä n` ûeôîc2E%äý ôîc2E%äú













Rqh dssolhv qrz wkdw neôîc2n2 ' ïå E{?ä dqg wkdw
týT
%M7
mA}E%äm ' ïå Eäc +<<,
týT
%M7
mdeA ý A o}E%äm ' Jå Eä
iru ixqfwlrqv } zlwk n}n2 ' ïå Eä/ vhh wkh surri ri +;;, dqg dsso| +D;,1 Ehfdxvh ri neT nfc? ' Jå Eä
dqg neLnfc? ' ïå Eä wklv vkrzv týT%M7 mA eT eôîc2E%ä n k eA ý Al eLeôîc2E%äm ' Jå E{?ä1 Iru wkh surri ri
+<;, lw uhpdlqv wr vkrz
týT
%M7
ññ` ûeôîc2E%äý ôîc2E%äúññ ' Jå E{?äé +433,
Fodlp +433, iroorzv iurp +<<, dqg
týT
%M7
ññeôîc2E%äý ôîc2E%äññ ' Jå E{?äc +434,
neôîc2 ý ôîc2n2 ' Jå E{?äé +435,
Iru wkh surri ri +434, dqg +435, rqh surfhhgv vlploduo| dv lq wkh surri ri +;;,1 Iru wkh vwdwhphqw ri
wkh wkhruhp lw uhpdlqv wr suryh +<:,1 Iru wklv fodlp rqh vkrzv wkdw
týT
%M7
ññeôîcôE%äññ ' Jå E{?äc
neôîcôn2 ' Jå E{?äé
Wklv fdq eh grqh e| vkrzlqj iru æ ' c é é é c _
týT
%æM7æ
ñññ e6îcôæ E%æäñññ ' Jå E{?äc
ne6îcôæ n2 ' Jå E{?äé
Surriv ri Wkhruhpv 4â dqg 5â1 Wkh wkhruhpv iroorz dv Wkhruhpv 4 dqg 5 e| hvvhqwldoo| wkh
vdph dujxphqwv1 Lq sduwlfxodu/ lqvwhdg ri O2ERä zh frqvlghu qrz O2E`Rä ' is ' Es fc é é é c s_ä G s æ G
77
U_ :ý$ U zlwk U sA E%ä`sE%äRE%ä _% ÷4j1 Ixuwkhupruh/ qrz wkh vsdfhv K/ Kf/ Kæ/ Kfc? dqg K?æ
duh gh?qhg dv
K ' i6 ' E6fc é é é c6_ä 5 O2E`Rä G 6fE%ä ' 6E%ä n é é én6_E%_ä ER d1v1, iru ixqfwlrqv
6 5 O2ERäc é é é c6_ 5 O2ER_äc wkh ixqfwlrqv 6æ ghshqg rqo| rq %æ iru æ ' c é é é c _jc
Kf ' i6 5 K G
]
6fE%äRE%ä_% ' fjc
Kæ ' i6 5 K G 6fE%ä ghshqgv rqo| rq %æER d1v1, dqg iru ì 9' æ lw krogv wkdw 6ìE%ä ì f ER d1v1,jc
Kfc? ' i6 5 K G 6fE%ä ' 6E%ä n é é én6_E%_ä ER d1v1, iru ixqfwlrqv 6 5 O2ERäc é é é c6_ 5
O2ER_ä zlwk
]
6æEüæäeT æfcfEüæä _üæ ' fjc
K?æ ' i6 5 Kfc? G 6E%ä ghshqgv rqo| rq %æ ER d1v1,jé
Iru d ixqfwlrq 6 5 K zlwk 6fE%ä ' 6E%ä n é é én6_E%_ä iru vrph ixqfwlrqv 6æ zh gh?qh qrz
[æ6=
d[æ6o
f E%ä ' sE%ä n é é én s_E%_äc
d[æ6o
& E%ä ' s&E%&äc


























Ixuwkhupruh/ iru d ixqfwlrq 6 5 Kfc? zlwk 6fE%ä ' 6E%än é é én6_E%_ä iru vrph ixqfwlrqv 6æ
zlwk
U
6æEüæäeT æfcfEüæä _üæ ' f zh gh?qh qrz e[æ6=ke[æ6lf E%ä ' sE%ä n é é én s_E%_äc
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ke[æ6l& E%ä ' s&E%&äc




















Surfhhglqj dv deryh rqh fdq vkrz wkdw wkh qrup ri wkh rshudwruv A ' [_ ü ü ü[ dqg eA ' e[_ ü ü ü e[
lv vpdoohu wkdq ò ÷  ^zlwk suredelolw| whqglqj wr rqh`1 Wkhruhpv 4â dqg 5â iroorz e| vwrfkdvwlf
h{sdqvlrqv ri h41
Surri ri Wkhruhp 6â1 Vlplodu wr wkh surri ri Wkhruhpv 6 dqg lv rplwwhg1
Surri ri Wkhruhp 71 Zh kdyh wr yhuli| frqglwlrqv D40D9/ D;/ D<1 Frqwlqxlw| ri ^f lpsolhv
wkdw ð?uf$%æ$ RæE%æä : f iru doo æ dqg týTf$%æ$cf$%&$ Ræc&E%æc %&ä ÷4é Wklv vkrzv D41
Lq wkh surri zh zloo pdnh uhshdwhg xvh ri
týT
%æMUûc%&MUû
meRæc&E%æ c %&äý Ræc&E%æ c %&äm ' ïå Ed*L} ?o*2?3ô*fäc +436,
týT
%æMUû
meRæE%æäý RæE%æäm ' ïå Ed*L} ?o*2?32*Däc +437,
týT
f$%æ c%&$





gûE%&c ñä _ñ Ræc&E%æc %&ä





gûE%æ c üä _ü RæE%æä
ññññ ' ïå E?3*Däc +439,
zkhuh Uû ' d2äûc ý 2äûo/ USû ' dfc 2äûä ^ Eý 2äûc o dqg U2cSû ' EUSû û dfc oä ^ Edfc oû USûä1
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D surri ri +436, dqg +437, fdq eh irxqg lq Pdvu| +4<<9e,1 Fodlpv +438, dqg +439, fdq eh vkrzq
e| d prgl?fdwlrq ri wkh dujxphqwv lq Pdvu| +4<<9e,1
Qrwh wkdw +438, dqg +439, lpso| wkdw
týT
E%æ c%&äMU2cSû
meRæc&E%æ c %&äm ' ïå Eäc +43:,
týT
%æMUSû
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